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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 33 ]. This is test number [ 146 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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System solved Failed

Rubi % 100. ( 33) %0.(0)
Mathematica | % 100. ( 33 ) %0.(0)

Maple %9091 (30) | %9.09 (3)

Maxima %303 (10) | %69.7 (23)
Fricas % 45.45 (15) | % 54.55 (18)
Sympy % 33.33 (11 ) | % 66.67 (22 )
Giac % 39.39 (13 ) | % 60.61 (20)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 90.91 0. 9.09 0.
Maple 72.73 12.12 6.06 9.09
Maxima 27.27 3.03 0. 69.7
Fricas 30.3 15.15 0. 54.55
Sympy 33.33 0. 0. 66.67
Giac 33.33 6.06 0. 60.61




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.21 151.64 0.94 124. 1.
Mathematica 0.47 187.33 1.13 138. 1.2
Maple 0.17 255.57 1.68 211.5 1.51
Maxima 1.59 238.7 1.92 208. 1.68
Fricas 2.25 464.53 3.61 286. 2.02
Sympy 4.9 175.91 1.23 172. 1.42
Giac 2.03 572.77 6.33 197. 1.6

1.4 list of integrals that has no closed form an-
tiderivative

(29,30)

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {1}[2,[3},[4[5[6}7,8, 19 [10, 12} [13} 14} [15}[20}[22}[27, 28, 31} 32} 33}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.




1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.



from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[2)[3,[4] 5}6}[7, 8| 0} [10}[11} L2} L3, 14} 15} 16} 17} [18} 19} [20} [21} 22} 2.3} 24} [25} [26) 27
[28,[29}[30}[31}33} 33}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A.gr-ad{@ll@llllllllllllllll

B grade: { }

C grade: {}

F grade: { }

2.1.3 Maple

A grade: {[1}[2,[3)[6}8} (9} [10}[11} 12} 14} [15] 16, 17, [18}, [19} 20} [21} [22} [23] 24} [25} [26} [29] 0] }
B grade: {[4[p}[7[13]}

C grade: {[27,[28]}

F grade: {}

2.1.4 Maxima

A grades ([T 19,1, 3, ) 25,25
B grade: {}
C grade: { }

F grade: { [1}[2, B} 4 %67 B} 0} (10} 12,13} 14} 1} 20} [22} 27, 28} [29} [80} 31} [82} 33} }

11
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21.5 FriCAS

A grade: { [11}[16}[17,[18| 19 [24}[25} [26} [29}[30] }
B grade: (EZ3FLE3E)
C grade: { }

F grade: { (12} )7 8)0) 0} L2, 3} [ (5 0, 22 27 28

2.1.6 Sympy

A grade: {16715, 921} 23 20, 25,2 2960
B grade: { }

C grade: { }

F grade: { [I}[21[3} {45} 617 8} 0} (10} L1} 12} [13} 14} [15} 20122} 27} 28} 31} 32} B3] }

2.1.7 Giac

A grade: {11676 19 28 25 26, E9, B0, T
B grade: {[21}[23]}
C grade: { }

F grade: {[1}[2)B}[4 51617} 8} 0 L0} L2} [13} [14} 15} [20} [22}[27} [28} 32} 33}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 144 144 161 243 0 0 0 0
normalized size | 1 1. 1.12 1.69 0. 0. 0. 0.
time (sec) N/A 0.199 0.225 0.196 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 115 115 138 207 0 0 0 0
normalized size | 1 1. 1.2 1.8 0. 0. 0. 0.
time (sec) N/A 0.134 0.162 0.119 0. 0. 0. 0.
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 82 82 115 180 0 0 0 0
normalized size | 1 1. 14 2.2 0. 0. 0. 0.
time (sec) N/A 0.113 0.106 0.066 0. 0. 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 76 76 107 426 0 0 0 0
normalized size | 1 1. 1.41 5.61 0. 0. 0. 0.
time (sec) N/A 0.062 0.086 0.135 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 71 71 104 220 0 0 0 0
normalized size | 1 1. 1.46 3.1 0. 0. 0. 0.
time (sec) N/A 0.111 0.155 0.092 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 107 107 158 166 0 0 0 0
normalized size | 1 1. 1.48 1.55 0. 0. 0. 0.
time (sec) N/A 0.141 0.214 0.156 0. 0. 0. 0.
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 124 124 150 301 0 0 0 0
normalized size | 1 1. 1.21 2.43 0. 0. 0. 0.
time (sec) N/A 0.186 0.427 0.177 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 180 180 294 296 0 0 0 0
normalized size | 1 1. 1.63 1.64 0. 0. 0. 0.
time (sec) N/A 0.231 0.335 0.306 0. 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 155 155 203 312 0 0 0 0
normalized size | 1 1. 1.31 2.01 0. 0. 0. 0.
time (sec) N/A 0.187 0.456 0.25 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 136 136 251 253 0 0 0 0
normalized size | 1 1. 1.85 1.86 0. 0. 0. 0.
time (sec) N/A 0.13 0.309 0.151 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 49 98 225 115 0 135
normalized size | 1 1. 0.86 1.72 3.95 2.02 0. 2.37
time (sec) N/A 0.046 0.114 0.004 1476 2211 0. 1.266
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 132 132 220 250 0 0 0 0
normalized size | 1 1. 1.67 1.89 0. 0. 0. 0.
time (sec) N/A 0.092 0.28 0.146 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 122 122 152 340 0 0 0 0
normalized size | 1 1. 1.25 2.79 0 0 0. 0.
time (sec) N/A 0.171 0.486 0.188 0 0 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 177 177 251 260 0 0 0 0
normalized size | 1 1. 1.42 1.47 0 0 0. 0.
time (sec) N/A 0.182 0.465 0.223 0 0 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 159 159 217 371 0 0 0 0
normalized size | 1 1. 1.36 2.33 0 0 0. 0.
time (sec) N/A 0.257 0.659 0.208 0 0 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 153 177 255 286 211 231
normalized size | 1 1. 1.03 1.19 1.71 1.92 142  1.55
time (sec) N/A 0.119 0.141 0.022 1812 2143 5144 114
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 120 120 125 161 194 250 177 197
normalized size | 1 1. 1.04 1.34 1.62 2.08 148  1.64
time (sec) N/A 0.121 0.103 0.005  1.751 2239 263 1.184
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 131 137 200 234 158 170
normalized size | 1 1. 1.07 1.12 1.64 1.92 1.3 1.39
time (sec) N/A 0.086 0.103 0.004 1.746 2139 153 1.183
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 81 81 91 112 127 186 114 128
normalized size | 1 1. 1.12 1.38 1.57 2.3 1.41 1.58
time (sec) N/A 0.067 0.072 0.005 1.656 2166 0.678 1.162
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 132 132 111 130 0 0 0 0
normalized size | 1 1. 0.84 0.98 0. 0. 0. 0.
time (sec) N/A 0.239 0.193 0.144 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 80 79 109 360 78 1170
normalized size | 1 1. 1.21 1.2 1.65 5.45 118 17.73
time (sec) N/A 0.075 0.062 0.007  1.508  2.464 4.034 1.869
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 119 119 105 127 0 0 0 0
normalized size | 1 1. 0.88 1.07 0. 0. 0. 0.
time (sec) N/A 0.221 0.154 0.313 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 130 119 161 394 172 4182
normalized size | 1 1. 1.53 1.4 1.89 4.64 2.02 49.2
time (sec) N/A 0.091 0.061 0.009 1493 3.054 551 13.841
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 135 135 99 169 216 247 197 216
normalized size | 1 1. 0.73 1.25 1.6 1.83 1.46 1.6
time (sec) N/A 0.127 0.115 0.022 1.476 2406 2.613 1.148
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 149 270 360 385 326 365
normalized size | 1 1. 0.73 1.32 1.76 1.88 1.59 1.78
time (sec) N/A 0.244 0.161 0.007 1465 2429 8371 1.19
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 292 292 212 393 540 568 502 551
normalized size | 1 1. 0.73 1.35 1.85 1.95 1.72  1.89
time (sec) N/A 0.326 0.185 0.004 1.496 2495 23.442 1.196
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 521 521 811 216 0 0 0 0
normalized size | 1 1. 1.56 0.41 0. 0. 0. 0.
time (sec) N/A 0.81 1.095 0.535 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 727 727 1065 1654 0 0 0 0
normalized size | 1 1. 1.46 2.28 0. 0. 0. 0.
time (sec) N/A 1.069 2.293 0.913 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.018 3.447 0.28 0. 0. 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.019 2141 0.268 0. 0. 0. 0.
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 66 66 68 0 0 606 0 101
normalized size | 1 1. 1.03 0. 0. 9.18 0. 1.53
time (sec) N/A 0.096 0.081 0.18 0. 2.649 0. 1.223
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 136 136 120 0 0 1192 0 0
normalized size | 1 1. 0.88 0. 0. 8.76 0. 0.
time (sec) N/A 0.153 0.188 0.183 0. 3.241 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 211 211 162 0 0 2145 0 0
normalized size | 1 1. 0.77 0. 0. 10.17 0. 0.
time (sec) N/A 0.848 0.309 0.181 0. 4.082 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size

the integral was to solve. In this test, problem number [28] had the largest ratio of [ 0.6429

]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri\./ative leaf size ntegrand leaf size
used rules leaf size

1 A 8 8 1. 25 0.32

2 A 8 6 1. 25 0.24

3 A 5 5 1. 23 0.217

4 A 6 4 1. 22 0.182

5 A 7 5 1. 25 0.2

6 A 10 8 1. 25 0.32

7 A 9 7 1. 25 0.28

8 A 12 9 1. 25 0.36

9 A 8 8 1. 25 0.32

10 A 8 6 1. 25 0.24

11 A 2 2 1. 23 0.087

12 A 8 6 1. 22 0.273

13 A 9 7 1. 25 0.28
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;2?22? %
used rules leaf size

14 A 13 11 1. 25 0.44
15 A 12 9 1. 25 0.36
16 A 6 6 1. 19 0.316
17 A 5 5 1. 19 0.263
18 A 4 4 1. 17 0.235
19 A 4 3 1. 16 0.188
20 A 12 12 1. 19 0.632
21 A 5 6 1. 19 0.316
22 A 10 10 1. 19 0.526
23 A 6 7 1. 19 0.368
24 A 5 5 1. 14 0.357
25 A 5 5 1. 14 0.357
26 A 5 5 1. 14 0.357
27, A 18 6 1. 14 0.429
28 A 26 9 1. 14 0.643
29 A 0 0 0. 0 0.
30 A 0 0 0. 0 0.
31 A 6 7 1. 16 0.438
32 A 7 9 1. 16 0.562
33 A 8 10 1. 16 0.625
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Chapter 3

Listing of integrals

3 b -1
fx (a+ cos (cx)) x

3.1 d—c2dx?

Optimal. Leaf size=144

o 2 o
ibPolyLog (2, @i cos 1(“‘)) x? (a +b cos‘l(cx)) i (a +b cos‘l(cx)) log (1 — g2icos 1(Cx)) (a +b cos‘l(cx)) bx
—_ + —_ E—

2c4d 2c2d 2bctd cd

[Out] (b*xx*Sqrt[1 - c™2%x72])/(4*c™3*d) - (x72x(a + bxArcCos[c*x]))/(2xc™2*xd) + (
(I/2)*(a + bxArcCos[c*x])~2)/(b*c™4%d) - (b*ArcSin[cxx])/(4*c~4*xd) - ((a +
b*ArcCos [c*x])*Log[1 - E~((2*I)*ArcCos[c*x])])/(c"4*d) + ((I/2)*bxPolyLog[2

, ET((2%I)*ArcCos[c*x])])/(c™4x*d)

Rubi [A] time = 0.198872, antiderivative size = 144, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 8, integrand size = 25, number of rules _

integrand size
0.32, Rules used = {4716, 4676, 3717, 2190, 2279, 2391, 321, 216}

ibPolyLog (2, eZiCOS_l(”‘)) x? (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 log (1 — % COS_l(C")) (a +b cos‘l(cx)) bx
204 ) 2c2d T obddd ctd -

Antiderivative was successfully verified.

[In] Int[(x"3*%(a + b*ArcCos[c*x]))/(d - c " 2xd*x"2),x]

[Out] (b*x*Sqrt[l - c™2*x72])/(4xc”3xd) - (x72x(a + bxArcCos[cxx]))/(2*%c™2*xd) + (
(I/2)*(a + b*ArcCos[c*x])~2)/(b*c™4*d) - (b*ArcSin[c*x])/(4xc”4*xd) - ((a +
b*ArcCos [c*x])*Log[1 - E~((2*I)*ArcCos[c*x])])/(c™4xd) + ((I/2)*b*PolyLogl[2

, ET((2%I)*ArcCos[c*x])])/(c™4x*d)

Rule 4716

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_)*((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + L)*(a +
bxArcCos[c*x])"n)/(ex(m + 2*p + 1)), x] + (Dist[(£f72*%(m - 1))/(c”2*%(m + 2%
p+ 1)), Int[(f*x)"(m - 2)*(d + exx”2) p*x(a + b*ArcCos[c*x])"n, x], x] - Di
st [(b*f*n*d~IntPart [p]*(d + e*x”2) FracPart[p])/(cx(m + 2*p + 1)*(1 - c™2*x
~2) FracPart([p]), Int[(f*x)"(m - 1)*(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCosl[c
*x])"(n - 1), x], x]) /; FreeQ[{a, b, c, d, e, £, p}, x] && EqQ[c™2*d + e,
0] && GtQ[n, 0] && GtQm, 1] && NeQ[m + 2*p + 1, 0] && IntegerQ[m]

Rule 4676
19
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Int[(((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)*x(x ))/((d) + (e_.)*x(x)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*x)))/(1 + E~(2xIxk*Pi)*E~(2*Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
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x(a+bcos1(cx) x?
f x3 (a + bcos‘l(cx)) o _x2 (a + bcos‘l(cx)) . il % dx ) bf Nweet dx
d — c2dx? 2c2d c2 2cd
_ bVl — 222 ) x? (a +b cos‘l(cx)) ) Subst (f(a + bx) cot(x) dx, x, cos‘l(cx)) ) b f N
4c3d 2c2d ctd 4
2 .
eVl — 22 X2 (a +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin~(cx) (2i) Subst ( j
T acd 2c2d T obddd add
2
bxvl — 22 x? (a +b Cos‘l(cx)) i(a +b Cos‘l(cx)) bsin™(cx) (u + b cos™I(
T add 224 T wed add
2
bxvl — 22 x? (a +b cos‘l(cx)) i (a +b cos‘l(cx)) bsin™}(cx) (u + b cos™I(
ST add 2c2d T wed add
2
bxvl — 22 x? (a +b Cos‘l(cx)) i (a +b Cos‘l(cx)) bsin™(cx) (a + b cos™I(
T add 2024 i 2bctd T add

Mathematica [A] time = 0.224683, size = 161, normalized size = 1.12

—4ibPolyLog (2, -¢' COS*l(C")) — 4ibPolyLog (2, eicosfl(cx)) +2ac%x? + 2alog (1 - 2x2) — bex V1 — c2x? + 2bcx? cos
- 4ctd

Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + b*ArcCos[c*x]))/(d - c™2*d*x~2),x]

[Out] -(2%a*xc™2*%x"2 - bkckxxSqrt[l - c™2%x72] + 2%bxc™2*x"2*ArcCos[c*xx] - (2%I)*Db
xArcCos [c*x] "2 + b*ArcSin[c*x] + 4*bxArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])]

+ 4xbxArcCos [c*x]*Log[1 + E~(I*ArcCos[c*x])] + 2*axLogl[l - c™2*x72] - (4x*I
)*b*PolyLog[2, -E~(I*ArcCos[c*x])] - (4*I)*b*PolyLog[2, E~(I*ArcCos[c*x])])

/ (4xc™4%d)

Maple [A] time = 0.196, size = 243, normalized size = 1.7

ax>  aln(cx-1) aln(cx+1) éb (arccos (Cx))z bx barccos (cx)x*>  barccos(cx) be
_ _ _ V242 11— _
2c2d 2dct 2dct " dc* "3 i " 2c2d H— dc*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*x(a+b*arccos(c*x))/(-c™2*%d*x"2+d) ,x)

[Out] -1/2/c”2*a/d*xx"2-1/2/c"4*a/d*1n(c*x-1)-1/2/c"4*a/d*1n(c*xx+1)+1/2*%I/c 4*xb/d*
arccos (c*x) "2+1/4*xb¥x*x (-c™2*x"2+1) ~(1/2) /c~3/d-1/2/c"2*b/d*arccos (c*x) *x~ 2+
1/4/c~4xb/d*arccos(cxx)-1/c”4*b/d*arccos (cxx)*1n(1+c*x+I* (-c™2*x"2+1) " (1/2)
)-1/c”4*b/d*arccos (cxx)*1n(1-cxx-I*(-c~2*x"2+1) " (1/2))+I/c~4*b/d*polylog(2,
—c*xx-I*(-c™2%x72+1) " (1/2))+I/c"4*b/d*polylog (2, cxx+I*(-c~2*x"2+1)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
log(cx+l)+e( 2

4 c=X
1 ( X2 log (szz _ 1)) [C d f C7dx4—c5dx2—(c5dx2—c3d)(cx+1)(cx—l)
+

1 1 1 1 1
> 26(2 log(cx+1)+§ log(—cx+1))+e(§ log(cx+1)+§ log(—cx+1)) log(cx+1)+§ log(—cx+1))

log(—

——a +
c2d c*d

2 2c4d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x~2+d) ,x, algorithm="maxima"

[Out] -1/2%a*x(x"2/(c”2%d) + log(c™2*x"2 - 1)/(c™4xd)) + 1/2%(2xc”4*d*integrate(1l/
2% (c72xx72xe” (1/2x1log(cxx + 1) + 1/2xlog(-c*xx + 1)) + e~ (1/2xlog(cxx + 1) +
1/2*%log(-c*x + 1))*log(c*x + 1) + e~ (1/2*log(c*x + 1) + 1/2*%log(-c*x + 1))
xlog(-cxx + 1))/(c”7xd*x"4 - c”b5*d*x"2 + (c7b*d*x"2 - c~3*d)*e” (log(cxx + 1

) + log(-c*xx + 1))), x) - (c”2*x"2 + log(cxx + 1) + log(-cxx + 1))*arctan2(
sqrt(c*xx + 1) xsqrt(-c*x + 1), c*x))*b/(c"4x*d)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx3 arccos (cx) + ax® )
7

int 1{-
integra ( 207 g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c”2*d*x~2+d),x, algorithm="fricas")

[Out] integral(-(b*x~3*arccos(c*x) + a*x~3)/(c™2*d*x~2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

ax3 bx3 acos (cx)
f c2x2-1 dx + f c2x2-1 dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*acos(c*x))/(-c**x2*xd*xx**2+d) ,x)

[Out] -(Integral(a*xx**3/(c**2*x**2 - 1), x) + Integral (b*x**3*acos(c*x)/(cx*k2xxxx*
2 -1), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x®

d
c2dx? - d a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c”2*d*x~2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x~3/(c™2xd*x"2 - d), x)
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xz(a+JJCos_1(cx))
3.2 f d—c2dx?

Optimal. Leaf size=115

X

ibPolyLog (2, —e Cosfl(cx)) ibPolyLog (2, el COS*l(C")) x (a +b cos‘l(cx)) 2tanh™ (ei COS?l(C")) (a +bcos e
- c3d * c3d - c2d " c3d

[Out] (b*Sqrt[l - c”2*x72])/(c”3*d) - (xx(a + bxArcCos[c*x]))/(c”2+d) + (2x(a + b
xArcCos [c*x] ) *ArcTanh [E~ (I*ArcCos[c*x])])/(c™3xd) - (I*bxPolyLogl[2, -E~(I*A
rcCos[c*x])])/(c™3*d) + (I*b*PolyLog[2, E~(I*ArcCosl[cx*x])])/(c~3*d)

Rubi [A] time = 0.134022, antiderivative size = 115, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 25, e -

0.24, Rules used = {4716, 4658, 4183, 2279, 2391, 261}

integrand size

ibPolyLog (2, —e Cosfl(cx)) ibPolyLog (2, el Cosfl(cx)) x (a +b cos‘l(cx)) 2tanh™ (ei COS?l(C")) (a + bcos e
- c3d " c3d - c2d " c3d

Antiderivative was successfully verified.

[In] Int[(x"2*(a + b*ArcCos[c*x]))/(d - c 2*d*x"2),x]

[Out] (b*Sqrt[l - c”2*x72])/(c”3*d) - (xx(a + bxArcCos[c*x]))/(c™2%d) + (2x(a + b
xArcCos [c*x] ) *ArcTanh [E~ (I*ArcCos[c*x])])/(c™3*d) - (I*b*PolyLogl[2, -E~(I*A
rcCos[c*x])])/(c™3*%d) + (I*b*PolyLog[2, E~(I*ArcCosl[c*x])])/(c~3*d)

Rule 4716

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + L)*(a +
bxArcCos[c*x])"n)/(ex(m + 2*p + 1)), x] + (Dist[(f72*%(m - 1))/(c”2*%(m + 2%
p+ 1)), Int[(fxx)"(m - 2)*(d + e*x"2) p*(a + bxArcCos[c*x])"n, x], x] - Di
st [(b*f*n*d~IntPart [p]*(d + e*x”2) FracPart[p])/(cx(m + 2*p + 1)*(1 - c™2*x
~2)"FracPart([p]), Int[(f*x)"(m - 1)*(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCosl[c
*x])"(n - 1), x], x1) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e,
0] && GtQ[n, 0] && GtQ[m, 1] && NeQ[m + 2*p + 1, 0] && IntegerQ[m]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csclx], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_D)*(x)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m*ArcTanh[E~(I*(e + fx*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
xx) "(m - 1)*Logl[l - E7(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogll + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
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)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p’ -1]

Rubi steps
_ _ bcos™ (cx) X
fxz (a + bcos l(cx)) o _x(a +bcos 1(cx)) N f%dx ) bf mdx
d — c2dx? c2d 2 cd
bV1—c22 «x (a +b cos‘l(cx)) Subst ( [(a + bx) cse(x) dx, x, cos‘l(cx))
T 3d c2d - c3d
bVl —c2x2 X (11 +b cos‘l(cx)) 2 (a +b COS_l(Cx)) tanh ™ (eicos_l(cx)) b Subst ( [lo
= - + +
c3d c2d c3d
W12 x (a +b cos‘l(cx)) 2 (a +b cos‘l(cx)) tanh ™ (eicos_l(”‘)) (ib) Subst (f
= — —+ —
c3d c2d c3d
Wl—22 x (a +b cos_l(cx)) 2 (a +b cos‘l(cx)) tanh ™ (ei Cos_l(cx)) ibLi, (—ei cos™
T 3d c2d " c3d - c3d

Mathematica [A] time = 0.162028, size = 138, normalized size = 1.2

2ibPolyLog (2, —e Cos_l(cx)) — 2ibPolyLog (2, el COS_l(Cx)) + 2acx + alog(1 — cx) — alog(cx + 1) — 2bV1 — c2x2 + 2bcx ¢
- 2c3d

Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + b*ArcCos[c*x]))/(d - c™2*d*x~2),x]

[Out] -(2*akxcxx - 2*b*Sqrt[l - c™2%x72] + 2*bkxcxx*xArcCos[c*x] + 2*¥bxArcCos[c*x]*L
ogll - E~(I*ArcCos[c*x])] - 2*bxArcCos[c*x]*Log[1 + E~(IxArcCos[c*x])] + ax
Logl[l - c*x] - axLogl[l + c*x] + (2%I)*b*PolyLog[2, -E~(I*ArcCos[c*x])] - (2
*xI)*b*PolyLog[2, E~(I*ArcCos[c*x])])/(2%c~3*d)

Maple [A] time = 0.119, size = 207, normalized size = 1.8

ax aln(cx—-1) aln(ex+1) b b arccos (cx) . b arccos (cx)
AT T o0 + >33 + @V_szz +1- —a In (1 —cx —iV—c2x2 + 1) + — In (1 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*x(a+b*arccos(c*x))/(-c™2xd*xx"2+d) ,x)

[Out] -1/c"2%a/d*x-1/2/c”3*a/d*x1n(c*x-1)+1/2/c"3*%a/d*1n(c*x+1)+b*(-c ™ 2*xx"2+1)~(1/
2)/d/c”3-1/c”3%b/d*arccos (cxx) *1n(1-cxx-I*x(-c™2%x~2+1)~(1/2))+1/c"3%b/d*arc
cos (c*x)*1n(1+ckx+I*x(—c™2%x"2+1) 7 (1/2))-1/c”2*b/d*arccos (c*x) *x+I*b*polylog
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(2, cxx+I*x(-c™2*x"2+1) ~(1/2))/d/c”3-I*b*polylog(2,-cxx-I*(-c™2*x"2+1) ~(1/2))
/d/c”3

Maxima [F] time = 0., size = 0, normalized size = 0.

—(C3d(2 \/cx+cl3\/d—cx+1 " f _ Vex+1vV—-cx+1(log(cx+1)-log(—cx+1)) dx) _ (2 ox — log

ctdx?—c2d
2c3d

c2d c3d c3d

1 (Zx log (cx +1) N log(cx—l)) ~
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*arccos(c*x))/(-c™2*d*x"2+d),x, algorithm="maxima")

[Out] -1/2%a*x(2*x/(c”2*d) - log(c*x + 1)/(c”3*d) + log(c*x - 1)/(c™3*xd)) - 1/2%(2
xc~3xd*integrate(-1/2*(2*c*x - log(c*x + 1) + log(-c*x + 1))*sqrt(c*x + 1)x
sqrt(-cxx + 1)/(c™4*d*x"2 - c72*d), x) + (2*c*x - log(c*x + 1) + log(-cxx +

1)) *arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x))*b/(c"3*d)

Fricas [F] time = 0., size = 0, normalized size = 0.

i begral bx? arccos (cx) + ax?
integra oy ,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c™2*d*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*x~2%arccos(c*x) + a*x~2)/(c™2*d*x"2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

2

f ax dx + f bx? acos (cx) dx

c2x2-1 c2x2-1
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*acos(c*x))/(-cx*2xd*x**2+d) ,x)

[Out] -(Integral (a*xx**2/(c*x2*x**2 - 1), x) + Integral (b*x**2*acos(c*x)/(Ck*2xx**
2 -1), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x?

d
c2dx? - d *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c”2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x~2/(c”2*d*x"2 - d), x)
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f x(a+b cos_l(cx))
X

3.3 d—c2dx?

Optimal. Leaf size=82

o 2 o
ibPolyLog (2, g2 cos 1(”‘)) i (a +b cos‘l(cx)) log (1 — g2icos 1(Cx)) (a +b cos‘l(cx))
2024 i 2bc2d ) 2d

[Out] ((I/2)*(a + b*ArcCos[c*x])~2)/(b*c™2*d) - ((a + b*ArcCos[c*x])*Log[l - E~((
2xI)*ArcCos[cxx])])/(c™2*xd) + ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/(
c”2%d)

Rubi [A] time = 0.112598, antiderivative size = 82, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 23, e -

integrand size
0.217, Rules used = {4676, 3717, 2190, 2279, 2391}

o 2 o
ibPolyLog (2, g2 cos 1(”‘)) i(a +b cos‘l(cx)) log (1 — g2icos 1(“‘)) (a +b cos‘l(cx))
2024 i 2bc%d B 2d

Antiderivative was successfully verified.

[In] Int[(x*(a + b*xArcCos[c*x]))/(d - c 2*xd*x"2),x]

[Out] ((I/2)*(a + b*ArcCos[c*x])~2)/(b*c™2*d) - ((a + b*ArcCos[c*x])*Log[l - E~((
2xI)*ArcCos[cxx])])/(c”2*xd) + ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/(
c”2xd)

Rule 4676

Int[(((a_.) + ArcCos[(c_.)*x(x_)]1*(b_.))"(n_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*xCot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E~ (2*xI*k*Pi)*E~ (2*xI* (e + f*x)))/(1 + E~(2*I*k*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
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Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps

Subst ( f (a + bx) cot(x) dx, x, cos‘l(cx))

f x (a +b cos‘l(cx)) ;

d — c2dx? B c2d A

~ i(a+b cos‘l(cx))2 . (2i) Subst (f ezi;ix) dx, x, cos™! (Cx))
2bc2d c2d

~ i(a +b cos‘l(cx))2 (a +bcos! (cx)) log (1 - eZiCOS_l(C")) N b Subst (flog (1 -~ eZix) d
2bc%d c2d c2d

i(a +b cos‘l(cx))2 (11 +bcos™ (cx)) log (1 - eZiCOS_l(CX)) (ib) Subst ( ) w dx, x.

2bc%d c2d 2c2d

~ i(a +b cos‘l(cx))2 (a +bcos! (cx)) log (1 - eZiCOS_l(C")) . ibLi, (eZiCOS_l(C"))
2bc%d c2d 2c2d

Mathematica [A] time = 0.106145, size = 115, normalized size = 1.4

i (ZbPolyLog (2, —e! Cos_l(cx)) + 2bPolyLog (2, e COS_I(‘”‘)) +ialog (1 -~ szz) + bcos™(cx)? + 2ib cos ™ (cx) log (1 -
2c2d

Warning: Unable to verify antiderivative.

[In] Integrate[(x*(a + b*ArcCosl[c*x]))/(d - c™2xd*x"2),x]

[Out] ((I/2)*(b*ArcCos[c*x]~2 + (2*%I)*b*ArcCos[c*x]*Logl[l - E~(I*ArcCos[c*x])] +
(2%I)*b*ArcCos [c*xx]*Log[1 + E~(I*ArcCos[c*x])] + I*axLogl[l - c™2*x"2] + 2*b
xPolyLog[2, -E~(I*ArcCos[c*x])] + 2*b*PolyLog[2, E~(I*ArcCosl[c*x])]))/(c™2x*

d)

Maple [A] time = 0.066, size = 180, normalized size = 2.2

i 2
aln(cx—-1) aln(cx+1) Eb (arccos (¢x))”  parccos (cx) . barccos (cx)
el T a2 + 27 - 2] ln(1+cx+z‘\/—c2x2+1)——c2d ln(l—cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*arccos(c*x))/(-c~2*d*x"2+d),x)

[Out] -1/2/c”2*a/d*1n(c*x-1)-1/2/c"2*a/d*1n(c*x+1)+1/2*xI/c”2*b/d*arccos(c*x) ~2-1/
c~2xb/d*arccos (c*kx) *1n(1+cxx+I* (—c™2*%x"2+1) " (1/2))-1/c”2*b/d*arccos (c*x) *1n
(1-c*xx-I*(-c™2*%x"2+1) " (1/2))+I/c”2%b/d*polylog (2, cxx+I* (-c ™ 2xx"2+1) " (1/2))+
I/c”2%b/d*polylog(2,-cxx-I*(-c™2xx"2+1)"(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

log(cx+1)+e(% log(cx+1)+% log(—cx+1))

C5dx4—c3dx2—(C3dx2—cd)(cx+1)(cx—1)

(% log(cx+1)+% log(—cx+1))
e

loglzextl) gy — (log (cx +1) + log (—cx + 1)) arctan (\/cx +

c2d f

2c2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c*x))/(-c"2*d*x"2+d),x, algorithm="maxima"

[Out] 1/2%(2*c”2*d*integrate(1/2x(e~(1/2xlog(c*x + 1) + 1/2xlog(-c*x + 1))*log(cx
x + 1) + e (1/2%log(c*xx + 1) + 1/2*log(-c*x + 1))*log(-c*x + 1))/(c~5*xd*x"4

- c73xd*x72 + (c73xd*x"2 - cxd)*e” (log(c*x + 1) + log(-cxx + 1))), x) - (1
og(cxx + 1) + log(-c*xx + 1))*arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x))*b/
(c72*%d) - 1/2*xaxlog(c”2xd*x"2 - d)/(c”2xd)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx arccos (cx) + ax
,X
c2dx? —d

integral (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c"2*d*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(bxx*arccos(c*x) + a*x)/(c™2xd*x"2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f ax dx + fbxacos (cx) dx

c2x2-1 c2x2-1
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*acos(c*x))/(-c**x2*xd*x**2+d) ,x)

[Out] -(Integral(axx/(c**2*x**2 - 1), x) + Integral(b*x*acos(c*x)/(ck*2xx**2 - 1)
, x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x

d
c2dx? - d :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c"2*d*x"2+d),x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x/(c”™2*d*x"2 - d), x)
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-1
3 4 fa+bcos (cx) dx

d—c2dx?
Optimal. Leaf size=76
ibPolyLog (2, —¢' Cos_l(cx)) ibPolyLog (2, é Cos_l(cx)) 2 tanh ™! (ei COS_l(C")) (a +b cos‘l(cx))
- +

cd cd * cd

[Out] (2x(a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c*d) - (Ixb*PolyLogl2,
-E~ (I*ArcCos[c*x])])/(c*d) + (IxbxPolyLogl[2, E~(I*ArcCos[c*x])])/(c*d)

Rubi [A] time = 0.0619147, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 22, e e =

0.182, Rules used = {4658, 4183, 2279, 2391}

integrand size

ibPolyLog (2, —e COS_l(”‘)) ibPolyLog (2, e Cos_l(cx)) 2tanh”! (ei Cos_l(cx)) (a +b cos_l(cx))
- + +
cd cd cd

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(d - c 2*xd*x"2),x]

[Out] (2*x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c*d) - (I*b*PolyLogl[2,
-E~(I*ArcCos[c*x])])/(cxd) + (I*bxPolyLog[2, E~(I*ArcCos[c*x])])/(c*d)

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csclx], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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a + bcos(cx) = Subst ( f (a + bx) csc(x) dx, x, cos‘l(cx))

d-cae 7T cd
2 (a +bcos! (cx)) tanh™ (ei COS*l(C")) b Subst ( [log (1 - ei") dx, x, cos‘l(cx)) b Subst ( |
- cd * cd B
2 (a +bcos™ (cx)) tanh ™ (ei COS*l(C")) (ib) Subst ( f M dx, x, e <% (Cx)) .\ (ib) Subst ( f
cd cd
2 0+ beos (o) tanh™ (¢ @) L, (o) L, (eoe0)
B cd cd " cd

Mathematica [A] time = 0.0855092, size = 107, normalized size = 1.41

—ZszolyLog( el cos” (Cx)) + 2ibPolyLog ( 1‘"’0571(”‘)) alog(l - cx) + alog(cx + 1) — 2b cos™!(cx) log ( gicos™(c
2cd

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcCos[c*x])/(d - c~2*d*x"2),x]

[Out] (-2*b*ArcCos[c*x]*Logl[l - E~(I*ArcCos[c*x])] + 2xb*ArcCos[c*x]*Log[1l + E~(I
xArcCos [c*x])] - a*Logl[l - c*x] + axLog[l + c*x] - (2%I)*b*PolyLog[2, -E~(I
xArcCos [c*x])] + (2%I)*b*PolyLog[2, E~(I*ArcCosl[c*x])])/(2%c*d)

Maple [B] time = 0.135, size = 426, normalized size = 5.6

ibArtanh (cx)

1
x p—
V-c2x? +1 V—c2x? + 1) de

aArtanh (cx) bArtanh (cx) arccos (cx)
dc dc

—d log (—z In ((1 — 1) cos|

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/(-c 2*d*x"2+d),x)

[Out] 1/c*a/d*arctanh(c*x)+1/c*b/d*arctanh(c*x)*arccos(c*x)+I/c*b/d*xdilog(-I/(-c”
2xx72+1) " (1/2) -I*xc*x/(-c™2*xx"2+1) " (1/2) ) -1/c*b/d*x1n((1-I)*cosh(1/2*arctanh(
cxx))+(1+I)*sinh(1/2*arctanh(c*x)))*arctanh(c*x)+I/c*b/d*1In((1-I)*cosh(1/2*
arctanh (c*x))+(1+I)*sinh(1/2*arctanh(c*x)))*1n(-I/(-c"2*xx"2+1) "~ (1/2) -I*c*x/
(=c™2%x72+1)~(1/2))-I/cxb/d*dilog(I/ (-c~2*x"2+1) " (1/2) +Ixc*x/ (-c~2*xx~2+1) " (
1/2))+I/c*b/d*1n((1+I)*cosh(1/2*arctanh(c*x))+(1-I)*sinh(1/2*arctanh(c*x)))
*arctanh(c*x)-I/c*b/d*1n((1+I)*cosh(1/2*arctanh(c*x))+(1-I)*sinh(1/2*arctan
h(c*x)))*1In(I/(-c™2%x"2+1) " (1/2) +I*xc*xx/ (-c™2%x"2+1) ~(1/2) ) +1/2*I/c*b/d*arct
anh(c*x)*1n(-I/(-c™2*x72+1)~(1/2)-I*c*x/(-c”™2*x"2+1)~(1/2))-1/2*I/c*b/d*arc

tanh (c*x)*1n(I/(-c™2%x"2+1) " (1/2) +I*cxx/ (-c™2%x"2+1) " (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 (log (cx+1)  log(cx— 1)) (cd f il _Cx+1ggf;;f;l)_log(_CHm dx — (log (cx +1) — log (-cx + 1)) arctan (\/cx .
p— a — —
2cd

2 cd cd

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arccos(c*x))/(-c"2*d*x~2+d) ,x, algorithm="maxima")

[Out] 1/2*a*x(log(c*x + 1)/(c*d) - log(c*x - 1)/(c*d)) - 1/2%(2*c*xd*integrate(1/2%
sqrt(c*xx + 1)xsqrt(-c*x + 1)*(log(c*x + 1) - log(-c*x + 1))/(c™2*d*x"2 - d)
, Xx) - (log(c*x + 1) - log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1),

cxx))*b/ (cxd)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) +a )

integral (— Sy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c"2*d*x~2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c™2xd*x"2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
f 2x2-1 dx + f c2x?-1 dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/(-cx*2xd*x**2+d) ,x)

[Out] -(Integral(a/(c**2*x**2 - 1), x) + Integral(b*acos(c*x)/(c**2xx**2 - 1), x)
)/d

Giac [F] time = 0., size = 0, normalized size = 0.

f barccos(cx) + a i
c2dx? —d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/(-c”2*d*x~2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/(c”2*xd*x"2 - d), x)
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a+b cosL(cx)
3.5 f x(d—czdxz) dx

Optimal. Leaf size=71

ibPolyLog (2, —e?i COS_l(”‘)) ibPolyLog (2, eZiCOS_l(C")) 2tanh™ (ezi"os_l(”‘)) (a +b cos‘l(cx))
) 2d * 2d * a

[Out] (2x(a + b*ArcCos[c*x])*ArcTanh[E~((2*I)*ArcCos[c*x])])/d - ((I/2)*b*PolyLog
[2, -E~((2xI)*ArcCos[c*x])])/d + ((I/2)*b*PolyLog[2, E~((2*I)*ArcCos[c*x])]
)/d

Rubi [A] time = 0.11134, antiderivative size = 71, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 25, /e

integrand size
0.2, Rules used = {4680, 4419, 4183, 2279, 2391}

ibPolyLog (2, —e?i COS_l(”‘)) ibPolyLog (2, eZiCOS_l(C")) 2tanh™ (eZiCOS_l(Cx)) (u +b Cos‘l(cx))
) 2d * 2d * a

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCosl[c*x])/(x*x(d - c™2*d*x"2)),x]

[Out] (2x(a + bxArcCos[c*x])*ArcTanh[E~ ((2*I)*ArcCos[c*x])])/d - ((I/2)*b*PolyLog
[2, -E7((2%I)*ArcCos[c*x])])/d + ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])]
)/d

Rule 4680

Int[((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)/((x)*((@_ ) + (e_.)*x(x_)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Cscl[(a_.) + (b_)*x )17 (n_)*((c_.) + (d_)*(x_))"(m_.)*Sec[(a_.) + (b
_D)*(x_ )] (n_.), x_Symbol] :> Dist[2”n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
xx) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
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Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps

f a+bcos(cx) e Subst ( f (a + bx) csc(x) sec(x) dx, x, cos‘l(cx))

X (d - czdxz) te d
2 Subst ( f (a + bx) csc(2x) dx, x, cos‘l(cx))

T d

2 (a +bcos™ (cx)) tanh ™ (eZi COS_l(Cx)) b Subst ( [log (1 - eZi") dx, x, cos‘l(cx)) bSub
= + —

d d

2 (a+beos™(cv)) tanh (2 cos‘l(cx)) (ib) Subst ( [ log(+x) dx, x, €% Cos_l(c")) (ib) Subs
- d ) 2d i
2 (a +bcos™ (cx)) tanh ™ (eZi COS_l(Cx)) ibLi, (—ezi COS_l(Cx)) ibLi, (eZi COS_l(C"))
- d ) 2d " 24

Mathematica [A] time = 0.154718, size = 104, normalized size = 1.46

ibPolyLog (2, —eZiCOS_l(C")) — ibPolyLog (2, e Cos_l(cx)) +alog (1 -~ c2x2) —2alog(x) + 2b cos!(cx) log (1 — gZicos
- 2d

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCosl[c*x])/(xx(d - c™2*d*x~2)),x]

[Out] -(2*b*ArcCos[c*x]*Logl[l - E~((2xI)*ArcCos[c*x])] - 2*b*ArcCos[c*x]*Log[l +
E~((2*I)*ArcCos[c*x])] - 2*axLog[x] + a*Logl[l - c”2*x”2] + Ix*bxPolyLogl[2, -
E~((2xI)*ArcCos[c*x])] - I*b*PolyLog[2, E~((2*I)*ArcCos[c*x])])/(2*d)

Maple [B] time = 0.092, size = 220, normalized size = 3.1

_aln (ex—-1) B aln(ex+1)  aln(cx) _ barccos (cx)
2d 2d d d

ib
In (1 +ox +iV-cx? + 1) + ZEpolylog (2, —cx —iV—c2x? +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x/(-c~2*xd*x"2+d) ,x)

[Out] -1/2*a/d*1n(c*x-1)-1/2*a/d*1n(cxx+1)+a/d*1n(c*x)-b/d*arccos(c*x)*1n(1+c*x+I
*x(—c72%x72+1) 7 (1/2) ) +I*b/d*polylog(2,-c*x-I*(-c"2*x~2+1)~(1/2))-b/d*arccos(
cxx)*1n(1-cxx—-T*(-c"2xx"2+1) ~(1/2) ) +I*b/d*polylog(2, cxx+I* (-c 2*x~2+1)~(1/2
))+b/d*arccos (c*x) *1n(1+(cxx+I*(-c™2*xx"2+1) 7 (1/2))~2)-1/2*I*b*polylog(2,-(c

*x+Ix (-c™2%x~2+1)~(1/2))"2)/d

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

1 a(log(cx+1) N log(ex—-1) 2 log(x)) _bf arctan(vcx+1v—cx+1,cx)

2 d d d c2dx3 — dx
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arccos(c*x))/x/(-c"2*d*x"2+d) ,x, algorithm="maxima"

[Out] -1/2%a*(log(c*x + 1)/d + log(c*x - 1)/d - 2xlog(x)/d) - b*integrate(arctan2
(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™2*d*x"3 - d*x), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
c2dx3 — dx

integral (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c"2xd*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(cx*x) + a)/(c™2*d*x"3 - d*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
f c2x3—x dx + f c2x3-x dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x/(-c**x2*xd*x**2+d) ,x)

[Out] -(Integral(a/(c**2*x**3 - x), x) + Integral(b*acos(c*x)/(c**2xx**3 - x), X)
)/d

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f B barccos(cx) + a
(czdx2 - d)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c"2*d*x"2+d),x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2*d*x"2 - d)*x), x)
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a+b cosL(cx)
36 [ i) dx

Optimal. Leaf size=107

ibcPolyLog (2, —eiCOS_l(C")) ibcPolyLog (2, el COS_I(‘”‘)) a+bcosH(cx) 2 tanh ™ (ei COS_I(C")) (a +bcos Hex
- + - +
d d dx d

[Out] -((a + bxArcCosl[c*x])/(d*x)) + (2*c*x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos
[c*x])])/d + (bxc*ArcTanh[Sqrt[1 - c~2*x72]])/d - (Ixbxc*PolyLogl[2, -E~(Ix*A
rcCos[c*x])])/d + (Ixb*c*PolyLog[2, E~(I*ArcCos[c*x])])/d

Rubi [A] time = 0.141154, antiderivative size = 107, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 8, integrand size = 25, number of rules

= 0.32, Rules used = {4702, 4658, 4183, 2279, 2391, 266, 63, 208}

integrand size

ibcPolyLog (2, —eicosfl(cx)) ibcPolyLog (2, el Cosfl(cx)) a+bcosl(cx) 2c tanh ™ (ei Cosfl(cx)) (a +bcos Hex
- + - +
d d dx d

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(x"2%(d - c~2*d*x"2)),x]

[Out] -((a + bxArcCos[cxx])/(d*x)) + (2xc*(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos
[c*x])])/d + (bkcxArcTanh[Sqrt[1 - c”2*x"2]])/d - (I*b*c*PolyLogl[2, -E~(I*A
rcCos[c*x])])/d + (Ixb*cxPolyLog[2, E~(IxArcCosl[c*x])])/d

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*x(d + exx"2)"(p + x(a + Db
xArcCos [c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c™2*(m + 2*p + 3))/(£72*%(m + 1)
), Int[(fxx)"(m + 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cknxd"IntPart [p]*(d + e*xx~2) FracPart[p]l)/(f*(m + 1)*(1 - c”2%x72) FracPart
[pl), Int[(f*x)~(m + 1)*(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1)
, x], x1) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csclx], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
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)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)"n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1
a + bcos!(cx) a+bcos™(cx) , [a+bh cos~1(cx) (be) f V22 dx
f — L dx=———————— 4+ f X —
22 (d - c2dx?) dx d — c2dx? d
1
a+bcosi(cx) cSubst (f(a + bx) esc(x) dx, x, cos‘l(cx)) (bc) Subst (f N dx, x, x

B dx d 2d

14 b Subst f - ! 5 dx, x,m
a+bcos™(cx) . 2c (a + bcos™!(cx)) tanh (el cos (CX)) . -5
dx

)

d cd
_a+bcos(cx) .\ 2¢(a + beos™ (cx)) tanh™ (e Cosfl(c")) be tanh

d

)

d

2

1

—_

V1- c2x2) (ibc) Sul
dx

=+ —

V1 - szz) ibcLi, (

QU

1

—_

a+bcos(cx) 2c (a +bcos™!(cx)) tanh ™! (ei Cosfl(c")) be tanh™
_ + .

dx

QU

Mathematica [A] time = 0.213533, size = 158, normalized size = 1.48

2ibexPolyLog (2, —e! COS_l(C")) — 2ibcxPolyLog (2, eicos_l(‘”‘>) + acxlog(l — cx) — acxlog(cx + 1) + 2a — 2bcx log (\/1 -
2dx

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCos[cxx])/(x"2*(d - c~2%d*x"2)),x]

[Out] -(2*a + 2xb*ArcCos[c*x] + 2xbxcxx*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] -
2%b*c*x*ArcCos [cxx] *Log[1 + E~(I*ArcCos[c*x])] + 2*b*c*x*Logl[x] + axcxx*Log
[1 - c*x] - axckxxLogl[l + cxx] - 2xb*ckxxLogl[l + Sqrt[l - c”2*xx"2]] + (2xI)
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*xbxc*x*PolyLog[2, -E~(I*ArcCos[c*x])] - (2*I)*b*cxx*PolyLog[2, E~(I*ArcCos[
cxx])])/ (2*xd*x)

Maple [A] time = 0.156, size = 166, normalized size = 1.6

1 -1 1 1 b 2icb ich
omienD amlon ) o eeost) 2B etan (o + V-2 +1) - dilog (x+ iR £

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"2/(-c~2*d*x"2+d) ,x)

[Out] -1/2%c*a/d*1n(c*xx-1)+1/2*c*a/d*1n(c*xx+1)-a/d/x-b/d*arccos (c*x)/x-2*I*cxb/d*
arctan(cxx+I*(-c™2*x"2+1)~(1/2))-I*c*b/d*dilog(c*x+I*(-c™2*x"2+1)~(1/2))-Ix
c*b/d*dilog(1+c*x+Ix(-c™2%x72+1)~(1/2))+c*b/d*arccos (c*x) *1n(1+c*x+I*(-c~2%

x"2+1)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

(czx log(cx+1)—c2x log(-cx+1)-2 c)\/cx+1\/—cx+l
) (dxf S dx — (cxlog (cx + 1) — cx log

2dx

d d dx

1a(clog(cx+1) _clog(ex-1) 2
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c"2*d*x"2+d) ,x, algorithm="maxima"

[Out] 1/2*a*x(cxlog(cxx + 1)/d - c*log(c*x - 1)/d - 2/(d*x)) - 1/2%(2*xd*x*integrat
e(1/2*%(c™2xx*log(c*x + 1) - c™2*x*xlog(-c*xx + 1) - 2*c)*sqrt(c*x + 1)*sqrt(-

ckx + 1)/(c”™2xd*x"3 - d*x), x) - (c*x*log(c*xx + 1) - c*x*xlog(-c*xx + 1) - 2)
xarctan2(sqrt(c*x + 1)*sqrt(-c*xx + 1), c*xx))*b/(d*x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a )

integral | -
integra ( Sy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c™2xd*x"4 - d*x~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
_f A2 dx + f 22 dx

d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*acos(c*x))/x**2/ (-ck*x2xd*x**2+d) ,x)

[Out] -(Integral(a/(cx*2xx*x4 - x**x2), x) + Integral (bxacos(c*x)/(cx*2xx*x4d — x*%

2), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

f barccos(cx) + a
- X

(czclx2 - cl)x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2%d*x"2 - d)*x"2), x)
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a+b cosL(cx)
3.7 f x3 (d—czdxz) dx

Optimal. Leaf size=124

ibc?PolyLog (2, —e% COS&(CX)) ibc?PolyLog (2, e Cosfl(cx)) 2¢2 tanh™ (ezz’cosfl(cx)) (a +bcos™ (cx)) a+bec
2d 2d d 24

[Out] (b*xcxSqrt[1 - c™2%x72])/(2*d*x) - (a + bxArcCos[c*x])/(2*%d*x~2) + (2*c~2*(a
+ b*ArcCos [c*x])*ArcTanh [E™ ((2+I)*ArcCos[c*x])])/d - ((I/2)*b*c~2*PolyLogl

2, —E7((2*I)*ArcCos[c*x])])/d + ((I/2)*b*c~2xPolyLog[2, E~((2+I)*ArcCos[c*x

1I1)/d

Rubi [A] time = 0.185964, antiderivative size = 124, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 25, e e e

0.28, Rules used = {4702, 4680, 4419, 4183, 2279, 2391, 264}

integrand size

ibc*PolyLog (2, —e% Cos_l(cx)) ibc*PolyLog (2, e COS_l(”‘)) 2¢2 tanh ™ (ezjcos_l(”‘)) (a +b cos‘l(cx)) a+boec
) 2d ’ 24 ’ d Y

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(x"3*(d - c~2*d*x"2)),x]

[Out] (b*c*Sqrt[1 - c™2*x72])/(2xd*x) - (a + bxArcCos[c*x])/(2xd*x~2) + (2*xc~2*(a
+ b*ArcCos [c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d - ((I/2)*b*c~2*PolyLogl

2, -E7((2*I)*ArcCos[c*x])])/d + ((I/2)*b*xc”2*PolyLog[2, E~((2*I)*ArcCos[c*x

DI/d

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*x((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*x(d + exx”2)"(p + x(a + b
*xArcCos [c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c™2*(m + 2%p + 3))/(£f72*(m + 1)
), Int[(f*x)~(m + 2)*(d + e*x~2) px(a + bxArcCos[c*x])"n, x], x] + Dist[(b*
cxn*d”IntPart [p]*(d + e*x~2) FracPart[p])/(f*(m + 1)*(1 - c~2*x"2) FracPart
[pl), Int[(f*x)"(m + 1)*(1 - c™2*%x72)"(p + 1/2)*(a + b*xArcCos[c*x])"(n - 1)
, x1, x1) /; FreeQ[{a, b, c, d, e, f, p}, x] & EqQ[c™2*d + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4680

Int[((a_.) + ArcCos[(c_)*(x_)I*(b_.))"(n_.)/((x_)*((d_ ) + (e_.)*x(x_)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
cCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Cscl[(a_.) + (b_D)*x )] (m_D)*((c_.) + (d_)*(x_)) " (m_.)*Sec[(a_.) + (b
_D*(x_)]7(n_.), x_Symbol] :> Dist[2”n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) m*ArcTanh[E~(Ix(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
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*x) " (m - 1)*Logl[l - E~(Ix(e + fxx))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*x(e + fx*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl[(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 264

Int[((c_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + bxx™n)"(p + 1))/(a*xcx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rubi steps
a+bcosM(cx) | a+bcosMcx)  , [a+DbceosT!(cx) (be) f i dx
e A e v
beVl - 22 a+bcos(cx) ¢*Subst ( [ (a + bx) cse(x) sec(x) dx, x, cos‘l(cx))
2dx 2dx? d
beVl - 22 a+beos M (cx) (2c2) Subst ( [(a+bx) csc(2x) dx, x, cos™! (cx))
2dx 2dx?
beVl - 22 a+bceosTV(cx) 27 (a +bcos 1(cx)) tanh ( 2i Cos‘l(cx)) (bcz) Subst ( [ log
T T o 2d d ¥
bcm a+bcos1(cx) 2¢2 (11 +b cos_l(cx)) tanh™ ( 2icos‘1(Cx)) (ibcz) Subst (f lo
ST 2dx 2d d )
beVl - 22 a+bcosTV(cx) 27 (a +bcos 1(cx)) tanh~ ( ZiCOS_l(C")) ibc*Li, (—eZi cos™!(
T 2dx 2de d ) 24

Mathematica [A] time = 0.42693, size = 150, normalized size = 1.21

, _ V1=c2y2 -1
bc (zPolyLog( g2icos” (Cx)) iPolyLog (2, g2icos 1(“‘)) - 16; =+ Coizxgcx) + 2 cos™H(cx) log( g2icos” (Cx)) 2cc

2d
Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCos[c*x])/(x73*(d - c~2*d*x"2)) ,x]

[Out] -(a/x"2 - 2xaxc”2xLogl[x] + axc™2*Logl[l - c7™2*x72] + b*xc™2x(-(Sqrt[l - c™2xx
~2]/(c*x)) + ArcCos[c*x]/(c™2%x72) + 2*ArcCos[c*x]*Log[l - E~((2*I)*ArcCos[
c*x])] - 2*xArcCos[cxx]*Log[1 + E~((2*I)*ArcCos[c*x])] + I*PolyLogl[2, -E~((2
*I)*ArcCos[cxx])] - I*PolyLogl[2, E~((2*I)*ArcCos[c*x])]))/(2*d)
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Maple [B] time = 0.177, size = 301, normalized size = 2.4

caln(ecx-1) c2aln(cx +1) a c?aln (cx) éczb be barccos (cx)  c?barccos (cx)
_ _ _ V22 11 _ 1
2d 2d 2d2 " d d T2 N7 20x2 d |

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxarccos(c*x))/x"3/(-c™2*%d*xx"2+d) ,x)

[Out] -1/2%c”2xa/d*1n(c*x-1)-1/2xc”2*a/d*1ln(c*x+1)-1/2*%a/d/x"2+c"2*a/d*1n(c*x)+1/
2xI*c™2xb/d+1/2%bxc* (-c™2%x~2+1) " (1/2) /d/x-1/2%b/d*arccos (c*x) /x"2-c"2xb/d*
arccos (c*xx)*1n(1+ckx+I*(-c™2*x72+1) " (1/2))+I*c~2%b/d*polylog(2,-c*x-I*(-c~2
*x"2+1)7(1/2))-c~2*b/d*arccos (c*xx) *1n(1-c*x-I* (-c~2*x"2+1) " (1/2))+I*c~2*b/d
xpolylog (2, cxx+I*(-c™2%x"2+1)~(1/2))+c”2xb/d*arccos (cxx) *1n (1+(ckx+I* (-c™2%*
x"2+1)7(1/2))72)-1/2*I*xb*xc”2*polylog(2, - (cxx+I*(-c™2*x"2+1)~(1/2))"2)/d

Maxima [F] time = 0., size = 0, normalized size = 0.

X

2

1(c210g(cx+1) ?log(cx—1) 2c?log(x) 1) bfaYCtan(VCX+1V—CX+1,CX)
— a_

a0 d T 2 —
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c”2*d*x"2+d) ,x, algorithm="maxima")

[Out] -1/2%(c"2xlog(c*x + 1)/d + c”2*log(c*x - 1)/d - 2xc™2xlog(x)/d + 1/(d*x"2))
*a - bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), cxx)/(c™2xd*x~5 - dx
x~3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a )

integral (— 205 — 40

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c”2*d*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c™2xd*x~5 - d*x~3), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a dx + f bacos (cx) dx

23523 2513

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x**3/(-c**x2*xd*x**2+d) ,x)

[Out] -(Integral(a/(c**2*x**x5 - x**3), x) + Integral(b*acos(c*x)/(cx*2kxx**5 — xxx*

3), x))/d
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Giac [F] time = 0., size = 0, normalized size = 0.

f barccos (cx) + a
(czclx2 - d)x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x~3/(-c”2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2*d*x"2 - d)*x"3), x)
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tf‘x4(a+JJCos_1(cx))
(d—czdxz)z

Optimal. Leaf size=180

3.8 X

3ibPolyLog (2, —eiCOS_l(‘”‘)) 3ibPolyLog (2, eicos_l(c’“)) 3 (a +bcosT(cx))  3x (a +bcos™ (cx)) 3tanh™ (1
20542 - 20542 - 2282 (1 - 2x2) - 2042 -

[Out] b/(2%c”5xd"2*xSqrt[1 - c™2*x72]) - (b*Sqrt[l - c™2*x72])/(c"5%d"2) + (3*x*(a
+ b*ArcCos[c*x]))/(2xc”4*d"2) + (x73*(a + bxArcCos[c*x]))/(2xc™2*xd"2*(1 -

c"2xx72)) - (3*%(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c™5*d"2) +

(((3*I)/2)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/(c"56xd"~2) - (((3*I)/2)*bxPolyL

ogl2, E~(I*ArcCos[c*x])])/(c”5*d"2)

Rubi [A] time = 0.230507, antiderivative size = 180, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 9, integrand size = 25, e o e

= 0.36, Rules used = {4704, 4716, 4658, 4183, 2279, 2391, 261, 266, 43}

integrand size

3ibPolyLog (2, e COS?l(C")) 3ibPolyLog (2, eicosfl(cx)) x> (a +b cos‘l(cx)) 3x (a +bcos™ (cx)) 3tanh™ (n
20542 - 20542 + + 472 B
c c>d 20242 (1 - c2x2) 2c*d

Antiderivative was successfully verified.

[In] Int[(x"4*(a + b*ArcCos[c*x]))/(d - c ™ 2*xd*x"2)"2,x]

[Out] b/(2%c”5xd"2*xSqrt[1 - c”™2*x"2]) - (b*Sqrt[l - c™2*x72])/(c"5%d"2) + (3*x*(a
+ bxArcCos[c*x]))/(2%c”4%d"2) + (x"3*(a + bxArcCos[c*x]))/(2xc™2xd"2x(1 -

c”2*x72)) - (3x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c"5%d"2) +

(((3%I)/2)*b*PolyLogl[2, -E~(I*ArcCos[c*x])]1)/(c™5%d"2) - (((3*I)/2)*bxPolyL

og[2, E~(I*ArcCos[c*x])])/(c"5*d"2)

Rule 4704

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)¥(x_)72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*(a +
b*xArcCos [c*x]) n)/(2*%ex(p + 1)), x] + (-Dist[(f72x(m - 1))/ (2%ex(p + 1)),

Int[(£fxx)"(m - 2)*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[
(b*xf*nxd~IntPart [p]*(d + exx~2) FracPart[p])/(2*cx(p + 1)*(1 - c~2*x"2) Fra
cPart[pl), Int[(f*x)"(m - 1)*(1 - c™2*x"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[c”2*d + e, 0] && GtQ[
n, 0] && LtQ[p, -1] && GtQ[m, 1]

Rule 4716

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)72)"(p_), x_Symbol] :> Simp[(fx(f*x)~(m - 1)*(d + e*x"2) " (p + D)*(a +
b*ArcCos[c*x]) n)/(ex(m + 2%p + 1)), x] + (Dist[(f72x(m - 1))/(c™2*%(m + 2%
p+ 1)), Int[(fxx)"(m - 2)*(d + e*x"2) px(a + bxArcCos[c*x])"n, x], x] - Di
st [(b*xf*n*d~IntPart [p]*(d + exx”2) FracPart[p])/(cx(m + 2*p + 1)*(1 - c™2*x
~2) FracPart([pl), Int[(f*x)"(m - 1)*(1 - c2*x72)"(p + 1/2)*(a + b*ArcCosl[c
*x])"(n - 1), x], x]) /; FreeQl{a, b, c, d, e, f, p}, x] && EqQ[c™2xd + e,
0] && GtQ[n, 0] && GtQ[m, 1] && NeQ[m + 2*p + 1, 0] && IntegerQ[m]

Rule 4658
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*x(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] & EqQ[c™2*d + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%x(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Log[l + E"(Ix(e + f*xx))1, x1, x]) /; FreeQ[{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)" (@ ))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D*(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)~n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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3
xz(u+b cos‘l(cx))

4 -1 3 -1 b f - 74X
fx (a + bcos (cx)) x (a + bcos (cx)) (1-c2x2) 3IW x

dx = + —
(d- Czdxz)2 2¢22 (1 - 222) 2cd? 2c2d
x bSubst| [ ——5d
_ 3x (a +bcos! (cx)) N x3 (a +bcos! (cx)) . (3b) [ Viae dx / (1-c2x)
2c4d? 2c2d2(1-c2x2) 2c3d2 4cd?

30Vl - 2x2  3x (a +b cos‘l(cx)) x3 (11 +bcos™ (cx)) 3 Subst (f(a + bx) csc(a

R 2642 " ep (1-c2x2) 2¢%d?

b V1 - 22 3x (u +b cos‘l(cx)) x3 (u +b cos‘l(cx)) 3 (a +bc
TSPl — 22 Od? " 2c4d? Py (1 - c2x2) )

b V1 —c2x2  3x (a +b cos‘l(cx)) x3 (a +b cos‘l(cx)) 3 (a +bc
oS | O " 2ctd? * 2c242 (1 - c2x2) )

b bV1—c2x2  3x (a +0b cos‘l(cx)) X (a +b cos‘l(cx)) 3 (a +bc
TSPl -2 | O " 2cd? * 2c242 (1 - czxz) )

Mathematica [A] time = 0.335002, size = 294, normalized size = 1.63

2iPolyLog(2,—ei Cosil(cx)) 4,0 2 cos™cx) 10g(1+ei Cosil(Cx))

3| - _icos” *(cx) " |
‘ % ‘ 3i(4P01yL0g(2,ei COS_1(”‘))+cos_1(cx)(cos_l(cx)+4i log(l—ei Cos_l(c")))

o= 4ct B 8¢5

dZ

Warning: Unable to verify antiderivative.

[In] Integratel[(x~4*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)"2,x]

[Out] (axx)/(c™4xd"2) - (axx)/(2xc™4xd"2x(-1 + c™2xx72)) + (3*axLogll - cx*x])/(4x
c"5xd"2) - (3*xaxLogl[l + cx*x])/(4*xc”5xd"2) + (bx((Sqrt[l - c™2%x72] - ArcCos
[cxx])/(4*c™4*(c + c™2*x)) + (Sqrt[l - c™2*x72] + ArcCos[c*x])/(4*c™4*(c -
c™2xx)) + (-Sqrt[l - c”2*x72] + c*x*ArcCos[c*x])/c™5 - (3*(((-I/2)*ArcCoslc
xx]72)/c + (2xArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])])/c - ((2%I)*PolyLogl[2,
-E~(I*ArcCos[c*x])]1)/c))/(4*c™4) - (((3%I)/8)*(ArcCos[c*x]*(ArcCos[c*x] +
(4xI)*Log[1 - E~(I*ArcCos[c*x])]) + 4*PolyLog[2, E~(I*ArcCos[c*x])]))/c”5))

/d~2

Maple [A] time = 0.306, size = 296, normalized size = 1.6

ax a 3aln(cx —1) a 3aln(cx +1) b " barccos(cx)x  bar
- - - - V- 1 -
d2c*  4d%c0 (ex - 1) " 4d2¢5 4d2¢5 (cx + 1) 4d2¢5 A T d2c* 2 d2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4*(a+b*arccos(c*x))/(-c 2xd*xx"2+d) "2,x)
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[Out] 1/c”4xa/d~2*x-1/4/c"5*a/d"2/(c*x-1)+3/4/c"5*a/d"2*1In(c*xx-1)-1/4/c"5*a/d"2/(
cxx+1)-3/4/c”5*a/d"2*1n(cxx+1) -b* (-c™2*x"2+1) ~(1/2) /d"2/c"5+1/c”4*b/d"2*arc
cos(c*x)*x-1/2/c”4*xb/d"2/ (c"2*xx"2-1) *arccos (c*x) *x-1/2/c"5*b/d~2/ (c"2*x~2-1
Y*x(=c72%x72+1) " (1/2)-3/2/c”5*b/d"2*xarccos (c*x) *1n (1+ckxx+I* (-c™2*xx"2+1) ~(1/2
))+3/2*I*b*polylog(2,-c*x-I*(-c™2%x"2+1)~(1/2))/d"~2/c~5+3/2/c"b*b/d"2*arcco
s(c*xx)*1n(1-ckxx-I*x(-c™2*x72+1) 7 (1/2))-3/2*I*b*polylog(2, ckx+I*(-c ™ 2%x"2+1)"
(1/2))/d"2/c"5

Maxima [F] time = 0., size = 0, normalized size = 0.

((4 Ax®-6cx-3 (czx2 - 1) log (cx +1) +3 (czx2 - 1)

1 2x 4x 3log(cx+1) 3log(cx—-1)
1\l AR A c°d? c>d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4x(at+b*arccos(c*x))/(-c™2xd*x"2+d)"2,x, algorithm="maxima")

[Out] -1/4xa*x(2xx/(c”6*d"2*%x72 - c74*d"2) - 4xx/(c”4*xd"2) + 3*log(c*xx + 1)/(c”™5*d
~2) - 3xlog(cxx - 1)/(c™5%d"2)) + 1/4%((4*c™3%x~3 - 6%ckx - 3*k(c™2%x"2 - 1)
*log(c*xx + 1) + 3*(c™2%x72 - 1)*log(-c*x + 1))*arctan2(sqrt(ckx + 1)*sqrt(-

c¥x + 1), cxx) + 4x(c77*d72*x72 - c"5xd"2) xintegrate(-1/4%(4*c™3*x"3 - B*c*

x — 3*%(c72%x72 - 1)*log(c*x + 1) + 3*(c™2*x"2 - 1)xlog(-c*x + 1))*sqrt(cxx

+ 1)*sqrt(-ckx + 1)/(c™8%d 2%x"4 - 2*%c~6%d"2%x"2 + c~4*d"~2), x))*b/(c 7*d 2

*x~2 - ¢c”75%d"2)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx* arccos (cx) + ax* )

integral (c4d2x4 - 202d%x% + d?’

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~4*(atb*arccos(c*x))/(-c™2*d*x"2+d)~2,x, algorithm="fricas")

[Out] integral((b*x~4*arccos(c*x) + axx"4)/(c™4xd"2%x"4 - 2xc™2*d"2*x"2 + d72), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

4
ax
—————dx
f cAxt—2c2x2+1

dZ

f bx* acos (cx)
cAxt—2c2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (xx*4*(at+bxacos(c*x))/ (—c**2xd x**2+d) **2,x)

[Out] (Integral (axx**4/(ck*4*xx*x*x4 — 2xc*x2*x**2 + 1), x) + Integral (b*xx**4*acos(c
*x) / (cH*xdkxxkd — 2xckk2xx**2 + 1), x))/d**x2
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Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x*

d
(czdx2 - d)2 '

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccos(c*x))/(-c”2xd*x~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)*x~4/(c™2xd*x"2 - d)72, x)
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tf‘x3(a+JJCos_1(cx))
(d—czdxz)z

Optimal. Leaf size=155

3.9 X

ibPolyLog (2, eZiCOS_l(Cx)) x? (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 log (1 - Cos_l(cx)) (a +b cos‘l(cx))
- 2ctd2 " 202 (1 - 22) - 2bctd? A2 Py

[Out] (b*x)/(2*%c™3*d"2+Sqrt[1 - c™2*x72]) + (x72*(a + bxArcCos[c*x]))/(2xc™2*d"2x*
(1 - ¢c™2%x72)) - ((I/2)*(a + bxArcCos[c*x])~2)/(b*xc™4*d"2) - (b*ArcSin[c*x]

)/ (2%c™4%d”2) + ((a + bxArcCos[cxx])*Logl[l - E~((2*I)*ArcCos[c*x])])/(c™4*d

~2) - ((I/2)#*b*PolyLog[2, E~((2*I)*ArcCos[c*x])])/(c~4*d"2)

Rubi [A] time = 0.18674, antiderivative size = 155, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 25, e .

0.32, Rules used = {4704, 4676, 3717, 2190, 2279, 2391, 288, 216}

integrand size

ibPolyLog (2, 621‘”571(”‘)) x? (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 log (1 — % Cosfl(c")) (a +b cos‘l(cx))
- 20442 - %yqyﬁ%g - 2bctd? cAd? +R%

Antiderivative was successfully verified.

[In] Int[(x"3*(a + b*ArcCos[c*x]))/(d - c " 2*d*x"2)"2,x]

[Out] (b*x)/(2%xc™3*d"2*Sqrt[1 - c”2*x72]) + (x"2*%(a + b*ArcCos[c*x]))/(2%c™2xd"2x%
(1 - c™2%x72)) - ((I/2)*(a + b*ArcCos[c*x])~2)/(b*xc™4%d"2) - (bxArcSin[c*x]

)/ (2xc”4*d"2) + ((a + b*ArcCos[c*x])*Logl[l - E~((2*I)*ArcCos[c*x])])/(c"4xd

~2) - ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/(c™4*d"2)

Rule 4704

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[(f*(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*(a +
bxArcCos[c*x])™n)/(2%ex(p + 1)), x] + (-Dist[(f72*%(m - 1))/ (2%ex(p + 1)),

Int[(fxx)"(m - 2)*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[
(b*xf*n*xd~IntPart [p]*(d + exx~2) FracPart[p])/(2*cx(p + 1)*(1 - c~2*x~2) Fra
cPart([pl), Int[(f*x)"(m - D*(1 - c”2*x"2)"(p + 1/2)*(a + bxArcCos[c*x]) " (n
- 1), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[c™2*d + e, 0] && GtQ[
n, 0] & LtQlp, -1] && GtQ[m, 1]

Rule 4676

Int[(((a_.) + ArcCos[(c_.)*(x )1*(b_.))"(n_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*xCot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~

m*E~ (2% I*k*Pi)*E~ (2%I*(e + f*x)))/(1 + E~(2*¢I*k*Pi)*E~(2xI*x(e + f*x))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190



49

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 288

Int [((c_)*(x_)) " (m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~
(n - D*(c*xx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c”
n¥(m - n + 1))/ (b*nx(p + 1)), Int[(c*x)"(m - n)*(a + bxx™n) (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + nx(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, c, n, m, p, x]J

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

2

bfx—

dx x(a+b cos1(cx)
f x3 (a +bcos™ (cx)) e x? (a +0b cos‘l(cx)) . (1_czx2)3/2 ) f %
(d _ c2dx2)2 2242 (1 - c222) 2cd? cxd
bx x? (a +b cos‘l(cx)) Subst ( [(a + bx) cot(x) dx, x, cos‘l(cx)) b.
= —+ + [ —
2c3d2V1 — ¢2x2 2c242 (1 - szz) cd?

2 .
_ bx N x? (a +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin~(cx) (2i) Subst
232\ - 22 2c242 (1 - szz) 2bctd? 2c4d?

2
_ bx .\ x? (u +b Cos‘l(cx)) i(a +b Cos‘l(cx)) b sin_l(cx) (a + bcos
C20@VI— 22 2022 (1 - c2x2) 2bcd? 20442

2
~ bx N x? (11 +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin™}(cx) (a + bcos
232\ - 22 2c242 (1 - c2x2) 2bc*d? 2c4d?

2
_ bx N x? (a +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin™}(cx) (a + bcos
28382V — 22 2c242 (1 - szz) 2bctd? 2c4d?

Mathematica [A] time = 0.455747, size = 203, normalized size = 1.31

2a

bV1-2x2  bV1-c2x2

— 2ib cos

—4ibPolyLog (2, —e! COS_l(C")) — 4ibPolyLog (2, ¢ COS_l(Cx)) — +2alog (1 - c2x2) +

c2x2-1

1-cx cx+1

4ctd?
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Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)"2,x]

[Out] ((b*Sqrt[l - c™2%x72])/(1 - c*x) - (b*Sqrtl[l - c™2*x72])/(1 + cxx) - (2*a)/
(-1 + ¢™2%x72) + (b*ArcCos[c*x])/(1 - c*x) + (b*ArcCos[cxx])/(1 + c*x) - (2
*xI)*b*ArcCos [c*x] "2 + 4xb*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] + 4xb*ArcC
os[cxx]*Log[1 + E~(I*ArcCos[c*x])] + 2*axLogl[l - c™2%x72] - (4xI)*b*PolyLog

[2, -E~(I*ArcCos[c*x])] - (4*I)*bxPolyLogl[2, E~(I*ArcCos[c*x])])/(4*c~4*d"2

)

Maple [A] time = 0.25, size = 312, normalized size = 2.

a aln(cx-1) a aln(cx +1) _ %b (arccos (Cx))z %bxz bx

42t (cx-1) T oA T ipa (cx+1) ey d?c 282 (c2x2 - 1) 232 (szz - 1]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arccos(c*x))/(-c 2*d*x~2+d) ~2,x)

[Out] -1/4/c”4*a/d"2/(cxx-1)+1/2/c"4*a/d"2*x1n(c*x-1)+1/4/c"4*a/d"2/ (c*x+1)+1/2/c”
4xa/d"2x1n(c*xx+1)-1/2%I/c"4*b/d"2*arccos (c*x) ~2-1/2*%I/c"2*%b/d"2/(c"2*x"2-1)
*x72-1/2/c"3*b/d"2/ (c™2*xx"2-1) *x* (-c"2*x"2+1) ~(1/2)-1/2/c"4*b/d"2/ (c"2*x"2-
1)*arccos(cxx)+1/2%I/c”4*b/d"2/(c™2*xx"2-1)+1/c"4*b/d"2*arccos (c*x) *1n (1+c*x
+Ix(-c72*x72+1)7(1/2))+1/c”4*b/d" 2*arccos (cxx) *1n (1-c*x-I* (-c™2*x"2+1) " (1/2
))-I/c"4%b/d"2*polylog(2,-c*x-I*(-c~2*x"2+1)~(1/2))-1/c~4*b/d"2*polylog(2,c

*x+I* (¢ 2%x"2+1) " (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1 log (czx2 — 1)
2 4 6d2x2 — cAd2 c*d?

[((szz - 1) log (cx +1) + (c2x2 - 1) log (—cx +1) — 1) arctan (\/cx +1vV-cx +
] ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2%d*x"2+d) 2,x, algorithm="maxima")

[Out] -1/2%a*x(1/(c™6%d"2*x"2 - c~4*d"2) - log(c™2*x72 - 1)/(c”™4xd"2)) + 1/2*%(((c~
2xx72 - D)xlog(cxx + 1) + (c™2*x72 - 1)xlog(-cxx + 1) - 1)*arctan2(sqrt(c*x

+ 1)*sqrt(-c*x + 1), c*x) - 2*%(c76*d"2*x"2 - c~4*d"2)*integrate(1/2*((c™2x%

x72 - 1)xe”(1/2%log(c*xx + 1) + 1/2%log(-c*x + 1))*log(cxx + 1) + (c™2%x72 -
1)*e~(1/2xlog(c*xx + 1) + 1/2%log(-c*x + 1))*log(-cxx + 1) - e~ (1/2xlog(c*x

+ 1) + 1/2%log(-c*x + 1)))/(c™9%d"2*x"6 - 2%c”7+d"2*x"4 + c~5xd"2*x"2 + (c
TT*d72%x74 - 2%cTb*d"2%x72 + ¢73*xd"2)*e" (log(cxx + 1) + log(-cxx + 1))), x)

)*b/ (c™6*%d"2%x"2 - c~4xd"2)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx3 arccos (cx) + ax® )

integral (c4d2x4 —22d2x2 + 42’ X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x~2+d)~2,x, algorithm="fricas")

[Out] integral((b*x~3*arccos(c*x) + a*x”3)/(c™4*d"2*x"4 - 2%c™2+d"2*x"2 + d72), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

3 3

ax bx’ acos (cx

f44 2.2 dx f44 z(z)dx
c*x*-2c%x“+1 c*x*-2c%x“+1

dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*acos(c*x))/ (-c*x*x2*xd*xx**2+d) **2,x)

[Out] (Integral(a*x*x3/(ckx4xxx*4d — 2kc*k*2xx**2 + 1), x) + Integral (b*x**3%acos(c
*x) / (Cxkdxxskd — 2kck*x2kx**2 + 1), x))/d**x2

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x®

d
(czalx2 - d)2 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c”2*d*x~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)*x~3/(c™2xd*x"2 - d)~2, x)
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f xz(a+b cos_l(cx)) q

3.10 :
(d—czdxz)

X

Optimal. Leaf size=136

ibPolyLog (2, —eiCOS_l(Cx)) ibPolyLog (2, e Cos_l(cx)) x (a +b cos‘l(cx)) tanh ™! (ei COS_l(C")) (a +b cos‘l(cx))
20342 - 20342 T an (1-c22) - 32 "

[Out] b/(2%c™3%d"2*Sqrt[1 - c2*x"2]) + (x*(a + b*ArcCos[c*x]))/(2%c”2xd"2x(1 - ¢
~2%x72)) - ((a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c™3*d"2) + ((I
/2)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/(c™3*d"2) - ((I/2)*b*PolyLogl[2, E~(Ix
ArcCos[c*x])])/(c™3*d"2)

Rubi [A] time = 0.129542, antiderivative size = 136, normalized size of antiderivative =
95 number of rules

1., number of steps used = 8, number of rules used = 6, integrand size =
0.24, Rules used = {4704, 4658, 4183, 2279, 2391, 261}

integrand size

ibPolyLog (2, —e Cos_l(cx)) ibPolyLog (2, e Cos_l(c")) X (a +b cos‘l(cx)) tanh ™! (ei COS_l(”‘)) (a +b cos‘l(cx))
2c34? - 2c3d? 20242 (1 _ szz) B 32 7

Antiderivative was successfully verified.

[In] Int[(x"2*(a + b*ArcCos[c*x]))/(d - c ™ 2*d*x"2)"2,x]

[Out] b/(2%c”3%d"2*%Sqrt[1l - c™2*x"2]) + (x*(a + b*ArcCos[c*x]))/(2%c™2xd"2x(1 - ¢
~2%x72)) - ((a + b*ArcCos[c*x])*ArcTanh [E~ (I*ArcCos[c*x])])/(c™3*d"2) + ((I
/2)*bxPolyLog[2, -E~(I*ArcCos[c*x])])/(c™3*d~2) - ((I/2)*b*PolyLogl[2, E~(Ix*
ArcCos[c*x])])/(c™3*d"2)

Rule 4704

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((f_)*(x_))"(m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[(f*(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*(a +
bxArcCos[c*x])"n)/(2%ex(p + 1)), x] + (-Dist[(f"2*(m - 1))/ (2*xex(p + 1)),

Int[(fxx)"(m - 2)*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[
(b*xf*n*xd~IntPart [p]*(d + exx"2) FracPart[p])/(2*cx(p + 1)*(1 - c~2*x~2) Fra
cPart([pl), Int[(f*x)"(m - D*(1 - c”2*x"2)"(p + 1/2)*(a + bxArcCos[c*x]) ~ (n
- 1), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[c™2*d + e, 0] && GtQ[
n, 0] & LtQlp, -1] && GtQ[m, 1]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_ )]*(b_.))"(n_.)/((@_ ) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csclx], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*x) "mxArcTanh [E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D*Logl[l + E(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279
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Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 261
Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)

“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

x
bfmdx fa+bcos‘1(cx) dx

f x? (a +bcos! (cx)) e x (a +b cos‘l(cx)) N B 2
(d _ c2dx2)2 2c242 (1 - szz) 2cd? 2c2d
b x (a +b cos‘l(cx)) Subst ( [(a + bx) cse(x) dx, x, cos‘l(cx))
) 2c3d2V1 — ¢2x2 * 2c2d? (1 - szz) * 2¢342
b X (u +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™ (ei Cos_l(cx)) b Subst
) 263d2V1 — c2x2 * 2¢2d? (1 - c2x2) B c3d? -
b x (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™ (ei Cosfl(cx)) (ib) Sut
) 26321 - 222 " 2c24d? (1 - c2x2) B c3d? "
b x (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™! (ei COS_l(C")) ibLi, (—
) 26321 — 222 ’ 2c2d? (1 - szz) B c3d? - 2

Mathematica [A] time = 0.308591, size = 251, normalized size = 1.85

~2ib (c2x2 - 1) PolyLog (2, —eicos_l(cx)) + 2ib (c2x? - 1) PolyLog (2, ¢ Cos_l(cx)) — ac?x® log(1 - cx) + ac?x? log(cx -

Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)"2,x]

[Out] -(2*a*c*x + 2%b*Sqrt[l - c”2*x"2] + 2xb*c*x*ArcCos[c*x] + 2¥b*ArcCos [cxx]*L
ogll - E7(I*ArcCos[c*x])] - 2xb*xc™2*x"2%ArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x

1)] - 2xb*ArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])] + 2%bkxc~2*x"2%ArcCos [c*x]*
Log[l + E~(I*ArcCos[c*x])] + axLogl[l - cxx] - axc™2*xx"2*Log[l - c*x] - axLo

gll + c*x] + axc™2xx"2*xLog[l + c*x] - (2%I)*b*x(-1 + c~2*x~2)*PolyLog[2, -E~
(I*ArcCos[c*x])] + (2+%I)*b*(-1 + c”"2*x"2)*PolyLog[2, E~(I*ArcCos[c*x])]1)/(4
*xCc73*%d"2* (-1 + c72%x72))

Maple [A] time = 0.151, size = 253, normalized size = 1.9

4342 (cx-1) TTAGE ioE (cx+1) 432 2 242 (c2x2 - 1) 2 342 (c2x2 - 1)

a aln(cx—1) a aln(cx +1) _ barccos (cx) x b Narwae l
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*x(a+bxarccos(c*x))/(-c~2*d*xx"2+d) ~2,x)

[Out] -1/4/c~3%a/d"2/(cxx-1)+1/4/c~3%a/d"2*1n(c*x-1)-1/4/c"3*a/d 2/ (c*x+1)-1/4/c”
3*a/d"2x1n(c*x+1)-1/2/c~2*b/d"2/ (c"2*x~2-1) *arccos (c*x) *x-1/2/c~3%b/d~2/ (c”
2%x72-1) % (-c72%x72+1) " (1/2)-1/2/c"3%b/d"2*arccos (c*x) *1n (1+ckx+I* (—c~2%x"2+
1)7(1/2))+1/2%I*b*polylog(2,-c*x-I* (-c™2%x"2+1) " (1/2))/c~3/d"2+1/2/c"3*b/d"
2*xarccos (cxx)*1n (1-cxx-I* (-c™2%x"2+1) " (1/2) ) -1/2*I*xb*polylog(2, ckx+I* (-c~ 2%
x72+1)7(1/2))/c3/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

((2 cx + (czxz - 1) log (cx +1) — (czx2 - 1) log (—cx + 1)) arctan (

_1 2x log(cx+1) log(cx—1)
1\ aie —o2p c3d? c3d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”2*(atb*arccos(c*x))/(-c™2*d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/4x%a*x(2xx/(c™4*d"2*%x"2 - c”2*%d"2) + log(c*x + 1)/(c”3*d"2) - log(c*x - 1)
/(c™3%d"2)) - 1/4x((2*c*x + (c™2*xx72 - 1)*log(cxx + 1) - (c™2%x72 - 1)*log(

—c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x) - 4x(c”5xd"2*x"2 - ¢~
3xd"2) *integrate (1/4*(2%c*x + (c™2*x"2 - 1)*log(c*x + 1) - (c™2*xx"2 - 1)*lo
g(-c*xx + 1))*sqrt(c*kx + 1)*sqrt(-cxx + 1)/(c76*d"2%x"4 - 2*xc™4*d"2*x"2 + ¢~
2xd"2), x))*b/(c75*d"2*x"2 - ¢c~3*d"2)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx? arccos (cx) + ax? )

integral y
sra (c4d2x4 2@ v g2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c™2*d*x~2+d)~2,x, algorithm="fricas")

[Out] integral((b*x~2*arccos(c*x) + axx"2)/(c™4xd"2%x"4 - 2xc™2*d"2*x"2 + d72), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

2 2
f ax dx + f bx= acos (cx) dx

cAxt=2c2x2+1 cAxt—2c2x2+1
dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2*(a+b*acos(c*x))/ (-c*k*x2*xd*xx**2+d) **2,x)

[Out] (Integral (a*xx*x2/(cx*4*xxx*4 — 2xc**2xx**2 + 1), x) + Integral (bxx**2xacos(c
*x) / (crkdxxskd — 2kck*2kx**2 + 1), x))/d**2
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Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x?

(czdx2 - d)z

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c™2*xd*x~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)*x~2/(c”™2xd*x"2 - d)~2, x)
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x(a+JJCos_1(cx))
311 | s dx
(d—czdxz)
Optimal. Leaf size=57
a+ bcos™(cx) bx

+
2c242? (1 - szz) 2cd?V1 — c2x?

[Out] (b*x)/(2*c*d"2xSqrt[1 - c™2*x72]) + (a + b*ArcCos[cx*x])/(2%c™2*d"2x(1 - c~2
*x72))

Rubi [A] time = 0.0461148, antiderivative size = 57, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 23, " =

0.087, Rules used = {4678, 191}

integrand size

a + bcos(cx) bx

+
20242 (1 - szz) 2cd?V1 — c2x?

Antiderivative was successfully verified.

[In] Int[(x*(a + bxArcCos[c*x]))/(d - c™2*%d*x"2)"2,x]

[Out] (b*x)/(2*%c*d™2xSqrt[1 - c™2*x72]) + (a + b*ArcCos[cxx])/(2%c™2*d"2x(1 - c~2
*x72))

Rule 4678

Int[((a_.) + ArcCos[(c_.)*(x_ )I*(b_.))"(n_.)*(x )*x((d_) + (e_.)*x(x_)"2)"(p_
.), x_Symbol] :> Simp[((d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n)/(2%ex(p +
1)), x] - Dist[(b*n*d"IntPart[p]*(d + e*x~2) FracPart[p])/(2*cx(p + 1)*(1
- ¢72*%x72)FracPart([p]), Int[(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCos[c*x])~(n
- 1, xl, x] /; FreeQ[{a, b, c, d, e, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n
, 0] && NeQlp, -1]

Rule 191
Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + bxx™n) (p + 1)

)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps

1

b | ——5dx
f x (ﬂ +bcos™ (cx)) a+ bcos!(cx) f (1—c2x2)3/2
X =
(d- Czdxz)z 2¢22 (1 - 2x2) 2cd?
bx a+ bcos™(cx)

= +
2cd2V1 — 2x2 2c2d? (1 - szz)

Mathematica [A] time = 0.114275, size = 49, normalized size = 0.86

a + bex V1 = c2x2 + b cos™H(cx)

2c2d2 — 2c4d?x?
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Antiderivative was successfully verified.

[In] Integrate[(xx(a + bxArcCos[c*x]))/(d - c™2xd*x"2)72,x]

[Out] (a + b*xc*x*Sqrt[l - c™2*x72] + b*ArcCos[c*x])/(2%c™2*%d"2 - 2%c™4*d"2*x"2)

Maple [A] time = 0.004, size = 98, normalized size = 1.7

1 a b [ arccos(cx) 1 5 1 .
2| A - —(ex-1)"-2cx+2- —(ex+1)" +2cx+2
2| 242 (22 1) dz( 2237 -2 4cx—4‘/ (ex -1 - 2ex 4cx+4‘/ (ex+1) +2cx )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arccos(c*x))/(-c~2*d*x~2+d) 2,x)

[Out] 1/c”2x(-1/2*a/d"2/(c"2*x"2-1)+b/d"2x(-1/2/(c"2*x"2-1) *arccos (c*x)-1/4/ (c*x—
D) *x(=(cxx-1)"2-2%c*x+2) " (1/2)-1/4/ (cxx+1) * (- (c*x+1) "24+2*c*x+2) " (1/2)))

Maxima [B] time = 1.47584, size = 225, normalized size = 3.95

V=c2x2+1c%42 V=c2x2+1c2d2
1

542
cbd4+Vcbd4cAd?x C6d4—\/06d4c4d2x) 2 arccos (cx) a
4 N ctd?x? — 242 2 (c4d2x2 _ Czdz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c 2*d*x"2+d) "2,x, algorithm="maxima")
g g

[Out] -1/4%((sqrt(-c”2*x"2 + 1)*c”2*d"2/(c"6%d"4 + sqrt(c™6*d"4)*c~4*d"2*x) - sqr
t(-c72*%x72 + 1)*c”2*d"2/(c"6%d"4 - sqrt(c”6*d"4)*c 4*d"2*x))*c~5xd"2/sqrt (c
“6xd~4) + 2*arccos(c*x)/(cT4*d"2*x"2 - c¢72%d"2))*b - 1/2xa/(cT4*d"2*x"2 - C
~2%d"2)

Fricas [A] time = 2.21101, size = 115, normalized size = 2.02

ac®x? + V—=c2x2 + 1bcx + b arccos (cx)
2 (c4d2x2 - czdz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccos(c*x))/(-c~2xd*x"2+d)"2,x, algorithm="fricas")

[Out] -1/2%(a*c™2*x"2 + sqrt(-c™2%x"2 + 1)*b*c*x + b¥arccos(c*x))/(c™4*d"2*x"2 -
c"2%d"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

ax bx acos (cx)
————dx+ | —/—>—dx
f cAxt-2c2x2+1 f cAx4-2c2x2+1

dZ
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acos(c*x))/(—c*x*x2*xd*xx**2+d) **2,x)

[Out] (Integral(a*x/(c*x*4xx*x*x4 — 2*ck*2*x*x2 + 1), x) + Integral (b*x*acos(c*x)/(c
sokdkxokkd — kcHk2¥kxk*k2 + 1), x))/d**2

Giac [A] time = 1.26603, size = 135, normalized size = 2.37

bx? arccos (cx) ax? V—-c2x2 +1bx  barccos (cx) a
B a h + 22 T 52
2 (c2x2 - 1)d2 2 (czx2 - 1)d2 2 (c2x2 - 1)cd2 2c%d 2c%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccos(c*x))/(-c™2xd*x"2+d)~2,x, algorithm="giac")

[Out] -1/2%bxx"2*%arccos(c*x)/((c™2*xx"2 - 1)*d"2) - 1/2%axx"2/((c™2*x"2 - 1)*d"2)
- 1/2xsqrt (-c™2*x72 + 1)*bxx/((c™2*%x"2 - 1)*c*d"2) + 1/2xb*arccos(c*x)/(c"2

*d~2) + 1/2*xa/(c”2*xd"2)
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a+b cosL(cx)
312 | ) dx

Optimal. Leaf size=132

ibPolyLog (2, —eiCOS_l(C")) ibPolyLog (2, ¢ C"S_l(c")) x(a +beos™(cx)) tanh ™" (e COS_I(C")) (a+bcos™(cx)
- 2cd? * 2cd? * 242 (1 _ c2x2) * cd?

[Out] b/(2%c*d™2*Sqrt[1 - c™2*x72]) + (x*x(a + bxArcCos[c*x]))/(2xd"2x(1 - c~2*x"2
)) + ((a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(cxd~2) - ((I/2)*b*Po
lyLog[2, -E~(I*ArcCosl[c*x])])/(cxd~2) + ((I/2)*b*PolyLogl[2, E~(I*ArcCos[c*x

1)/ (cxd™2)

Rubi [A] time = 0.0915474, antiderivative size = 132, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 8, number of rules used = 6, integrand size = 22, fumper o e

= 0.273, Rules used = {4656, 4658, 4183, 2279, 2391, 261}

integrand size

ibPolyLog (2, —e! Cos_l(cx)) ibPolyLog (2, ¢ Cos_l(c")) X (a +b cos‘l(cx)) tanh ™ (ei COS_l(C")) (a +b cos‘l(cx):
- 2cd? i 2cd? " 242 (1 _ szz) * cd?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(d - c 2%d*x"2)"2,x]

[Out] b/(2%c*d~2*Sqrt[1 - c™2*x72]) + (xx(a + bxArcCos[c*x]))/(2xd"2x(1 - c~2*x"2
)) + ((a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(cxd~2) - ((I/2)*bx*Po
lyLog[2, -E~(I*ArcCosl[c*x])])/(cxd~2) + ((I/2)*b*PolyLog[2, E~(I*ArcCos[c*x

D1/ (cxd™2)

Rule 4656

Int[((a_.) + ArcCos[(c_.)*(x)I*(b_.))"(n_)*((@) + (e_)*x_)"2)"(p_), x_
Symbol] :> -Simp[(x*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x]) n)/(2xdx(p + 1)
), x] + (Dist[(2*xp + 3)/(2xd*(p + 1)), Int[(d + exx"2) " (p + 1)*x(a + bxArcCo
slc*xx])"n, x], x] - Dist[(b*c*n*d " IntPart[pl*(d + e*x~2) FracPart[p])/(2x(p
+ 1)*(1 - ¢c”2%x72) FracPart[p]), Int[x*x(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcC
oslcxx])~(n - 1), %], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0]
&& GtQ[n, 0] && LtQlp, -1] && NeQ[p, -3/2]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_ )]*(b_.))"(n_.)/((@_ ) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (f£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*x) "mxArcTanh [E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*xx) " (m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - )*Logl[l + E-(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279
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Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
b — d a+bcos™(cx
f a+ bcos™(cx) x (ﬂ +bcos™ (cx)) N ( C)f (1—c2x2)3/2 * N f JrZdel;) dx
x =
ey A e
_ b x (u +bcos! (cx)) Subst ( [(a + bx) csc(x) dx, x, cos‘l(cx))
" 2e2\1 = 22 * 242 (1 - c2x2) - 2cd?
-1 -1 -1 icos_l(cx) o :
_ b .\ X (a + b cos (cx)) .\ (a + b cos (cx)) tanh (e ) .\ b Subst (flog (
2cd?V1 — ¢2x2 242 (1 - szz) cd?
~ b x (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™ (eicos_l(cx)) (ib) Subst (f =
" 2ed?\1 - 22 * 242 (1 - szz) ’ cd? B '
b x (a +bcos! (cx)) (u +b cos‘l(cx)) tanh ™ (eicosfl(cx)) ibLi, (—ei cos~H(ex
) 2cd?V1 — c2x? ’ 242 (1 - szz) ’ cd? - 2cd?

Mathematica [A] time = 0.280222, size = 220, normalized size = 1.67

ZibPolyLog(Z,—ef COS_l(CX)) ZibPolyLog(Z,ei Cos_l(cx))

— + —
c c c2x2-1 c c c—c2x c2x+c c—c2x c2x+

442

2 log(1- 1 +1 bW1-2x2  pV1-c2x2  beos Yex beos™t
ax alog(l-cx) + alog(cx+1) " " n (cx)

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCos[c*x])/(d - c™2*d*x"2)72,x]

[Out] ((b*Sqrt[l - c”2*x72])/(c - c™2xx) + (b*Sqrt[l - c™2*x"2])/(c + c™2*x) - (2
*xaxx) /(-1 + c”2*xx72) + (bxArcCos[c*x])/(c - c™2*x) - (b*ArcCos[c*x])/(c + ¢

~2xx) - (2xbxArcCos[c*x]*Logl[l - E~(I*ArcCos[c*x])])/c + (2xbxArcCos[c*x]*L

ogll + E~(I*ArcCos[c*x])])/c - (axLogll - cxx])/c + (axLogll + c*x])/c - ((
2xI)*b*PolyLog[2, -E~(I*ArcCosl[c*x])])/c + ((2xI)*b*PolyLog[2, E~(I*ArcCos[
cxx])])/c)/(4*d"2)

Maple [A] time = 0.146, size = 250, normalized size = 1.9

a aln(cx -1) a aln(cx+1) barccos (cx)x b " b arccos
- - - - - V- +1+ ,
4cd? (cx —1) 4 cd? 4dcd? (cx +1) T T i 242 (ch2 _1) 2 cd? (c2x2 _1) o 2 cd-



61

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(cx*x))/(-c”2*d*xx"2+d) " 2,x)

[Out] -1/4/c*a/d~2/(cxx-1)-1/4/c*a/d"2*1n(c*x-1)-1/4/c*a/d"2/(cxx+1)+1/4/c*a/d"2%
In(c*x+1)-1/2%b/d~2/(c™2%x"2-1) *arccos (c*x) *x-1/2/c*b/d~2/ (c"2*x"2-1) *(-c~2
*x"2+1) 7 (1/2)+1/2/c*b/d"2*%arccos (cxx) *In(1+cxx+I* (-c™2%xx"2+1) " (1/2) ) -1/2%Ix*
b*polylog(2,-c*x-Ix(-c™2%x"2+1)~(1/2))/c/d"2-1/2/c*b/d"2*arccos (c*xx)*1n(1-c
*xx-I*(—c”2%xx"2+1) " (1/2) ) +1/2*I*xb*polylog (2, ckxx+I*(-c~2*x"2+1)~(1/2))/c/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

(242 _ 2,2 _ _
1 ) 5y log (cx +1) ) log (cx - 1) ((2 cx (c X 1) log (cx +1) + (c X 1) log (—cx + 1)) arctan
4 "\ c2d?x2 — g2 cd? cd?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”2+d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/4x%a*x(2*x/(c”2*d"2%x"2 - d72) - log(c*x + 1)/(c*d”2) + log(c*x - 1)/(c*d™
2)) - 1/4%((2xc*x - (c72*x72 - D)xlog(cxx + 1) + (c™2*x"2 - 1)*log(-cxx + 1
))*arctan2(sqrt(c*xx + 1)*sqrt(-cxx + 1), c*xx) + 4*x(c™3*%d"2%x"2 - c*d~2)*int
egrate(-1/4*%(2xc*xx - (c72*%x72 - 1)*log(cxx + 1) + (c”2*x"2 - 1)*xlog(-c*xx +
1)) *sqrt(c*xx + 1)*sqrt(-cxx + 1)/(c™4*d™2%x"4 - 2%c™2*d"2%x"2 + d72), x))*Db

/(c73*%d"2%x72 - c*d~2)

Fricas [F] time = 0., size = 0, normalized size = 0.

ot | barccos (cx) + a
integra ,X
SN ced — 22 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”2xd*x"2+d)~2,x, algorithm="fricas")

[Out] integral((b*arccos(c*x) + a)/(c™4*d”~2*x"4 - 2*c™2xd"2%x"2 + d72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/(-cx*2xd*x**2+d)**2,x)

[Out] Timed out




Giac [F] time = 0., size = 0, normalized size = 0.

dx

f barccos (cx) + a
2
(czdx2 - d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c"2*d*x~2+d)"2,x, algorithm="giac")

[Out] integrate((b*arccos(cxx) + a)/(c™2xd*x"2 - d)~2, x)
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a+b cosL(cx)
313 | o dx

Optimal. Leaf size=122

ibPolyLog (2, —? Cos_l(cx)) N ibPolyLog (7—/ e% COS_l(Cx)) Lt bcos™(cx) .\ 2tanh™! (eZi COS_l(C")) (a +bcos Hex
242 24d2 242 (1 - szz) d?

[Out] (bxcx*x)/(2*%d"2*Sqrt[1 - c™2%x72]) + (a + b*ArcCos[c*xx])/(2xd"2x(1 - c™2*x"2
)) + (2%(a + b*ArcCos[c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d"2 - ((I/2)*b*
PolyLog[2, -E~((2*I)*ArcCos[c*x])])/d"2 + ((I/2)*b*PolyLogl[2, E~((2%*I)*ArcC
os[c*x])])/d™2

Rubi [A] time = 0.170644, antiderivative size = 122, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 25, e -

0.28, Rules used = {4706, 4680, 4419, 4183, 2279, 2391, 191}

integrand size

ibPolyLog (2, —eZiCOS_l(C")) ibPolyLog (2, % COS_l(Cx)) a+bcos(cx) 2 tanh ™! (eZi COS_l(Cx)) (a +bcos Hex
) 2d? " 242 i 242 (1 - szz) * d?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(x*(d - c 2*d*x"2)"2),x]

[Out] (b*xcx*x)/(2*%d"2*Sqrt[1 - c™2%x72]) + (a + b*ArcCos[c*xx])/(2xd"2x(1 - c™2*x"2
)) + (2x(a + b*ArcCos[c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d"2 - ((I/2)*bx
PolyLog[2, -E~((2*I)*ArcCos[c*x])])/d~2 + ((I/2)*bxPolyLogl[2, E~((2%I)*ArcC
os[c*x])])/d™2

Rule 4706

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)"(p_), x_Symbol] :> -Simp[((f*x)~(m + 1)*(d + exx"2) " (p + L)*(a +
b*ArcCos [c*x]) "n)/ (2xdxfx(p + 1)), x] + (Dist[(m + 2%p + 3)/(2xd*x(p + 1)),
Int [(f*x) "m*(d + e*x”2) " (p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[(b*c*n
xd~IntPart [p]*(d + e*xx~2) FracPart[p]l)/(2*fx(p + 1)*(1 - c~2*x~2) FracPart[
pl), Int[(f*xx)"(m + 1)*(1 - c™2*xx"2) " (p + 1/2)*(a + b*ArcCos[c*x])~(n - 1),
x], x]1) /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[c™2+d + e, 0] && GtQ[n,
0] && LtQ[p, -1] && !GtQ[m, 1] && (IntegerQ[m] || IntegerQlpl || EqQ[n, 1]
)

Rule 4680

Int[((a_.) + ArcCos[(c_.)*(x )I*x(_.))"(n_.)/((x)*x((d ) + (e_.)*x(x)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]], x] /; FreeQ[{a, b, c, d, e}, x] & EqQ[c™2xd + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Cscl(a_.) + (b_)*(x )1 (m_)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_D)*(x )] (n_.), x_Symbol] :> Dist[27n, Int[(c + d*x) m*Csc[2*a + 2*bx*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Rule 4183
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Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) m*ArcTanh[E~(Ix(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 191

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + bxx™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rubi steps
1 1
f a + bcos~!(cx) Lot b cos(cx) o] m * s I % ax
x (d - czdxz)2 242 (1 B szz) 242 d
bex a+bcosHcx) Subst ( f (a + bx) csc(x) sec(x) dx, x, cos‘l(cx))
Vi P (1-c22) &2
bex a+bcosT(cx) 2Subst ( [(a + bx) csc(2x) dx, x, cos™ (cx))
TarViae | o (1-c22) 2
bex a+bcos(cx) 2 (u +b cos‘l(cx)) tanh ™ (62“0571(”‘)) b Subst ( [log (1 -
B 24241 - 22 ’ 242 (1 - c2x2) ¥ d? *
bex a+bcos(cx) 2 (a +b cos‘l(cx)) tanh ™ (eZiCOS_l(C")) (ib) Subst (f log_(;_
) 2421 — c2x? ’ 242 (1 - c2x2) ¥ d2 B 7
bex a+bcos(cx) 2 (a +b cos‘l(cx)) tanh ™ (eZiCOS_l(C")) ibLi, (—eZi COS_l(C")]
TPV e | o (1-c22) - 72 B 242

Mathematica [A] time = 0.485909, size = 152, normalized size = 1.25

cx cosL(cx)

+
V1-c2y2 1-c2x2

b (—iPolyLog (2, —e? Cos_l(cx)) + iPolyLog (2, e C"S_l(”‘)) + —2cos™(cx) log (1 - & Cos_l(”‘)) +2cos

242

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCos[c*x])/(xx(d - c™2*d*x~2)~2),x]

[Out] (a/(1 - c™2%x72) + 2*axLoglx] - axLogl[l - c”2*x72] + b*x((c*x)/Sqrt[l - c~2%
x72] + ArcCos[c*x]/(1 - c™2*%x72) - 2xArcCos[c*x]*Log[1l - E~((2*I)*ArcCos[cx
x])] + 2xArcCos[c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] - I*PolyLogl[2, -E~((2*I
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)*xArcCos[c*x])] + I*PolyLog[2, E~((2*I)*ArcCos[c*x])]1))/(2*d"2)

Maple [B] time = 0.188, size = 340, normalized size = 2.8

1,22
a aln(cx —1) a aln(cx+1) aln(cx) Ebc X xbc I
442 (cx—1) 242 * 442 (cx+1) 242 * d2 42 (szz _1) 242 (szz _1) X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*xx))/x/(-c 2*xd*x~2+d)"2,x)

[Out] -1/4%a/d~2/(c*x-1)-1/2*a/d"2*1n(cxx-1)+1/4%a/d"2/(c*x+1)-1/2*a/d"2*x1n(c*x+1
Y+a/d"2%1In(c*x)-1/2*I*b/d"2/ (c™2xx"2-1) *c™2*%x"2-1/2*%b/d"2/ (c"2*xx"2-1) *c*x* (
-c72%x72+1) " (1/2)-1/2*b/d"2/ (c"2*x"2-1) *arccos (c*x)+1/2*xI*b/d"2/ (c"2*x"2-1)
-b/d”~2*arccos (c*x) *1n(1+c*x+I*(-c™2*x"2+1) ~(1/2))+I*b/d"~2*polylog (2, -c*xx-Ix*
(=c™2xx72+1) " (1/2))-b/d"2*arccos (c*x) *1n (1-c*xx-I* (-c"2*x"2+1) ~(1/2) ) +I*b/4d"
2xpolylog(2, cxx+I*x(—c™2xx"2+1) 7 (1/2) ) +b/d"2*arccos (c*x) *1n (1+(cxx+I* (-c™2%x
~2+1)7(1/2))"2)-1/2*I*xbxpolylog(2, - (cxx+I*(-c™2*x"2+1)~(1/2))"2)/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

X

— +
2 4 c2d?x? — 42 d? d? d? cAd?x5 — 2c2d2x3 + d2x

1 ( 1 log (cx +1) N log(cx-1) 2 log(x)) N bfarCtan(VCX‘i‘lV—Cx +1,cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x/(-c™2*d*x"2+d)"2,x, algorithm="maxima")

[Out] -1/2%a*x(1/(c™2%d"2*x"2 - d~2) + log(c*x + 1)/d"2 + log(c*x - 1)/d"2 - 2xlog
(x)/d"2) + bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), c*xx)/(c™4*d~2%
X756 - 2%c72*%d"2%x"3 + d72*x), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
X
ctd?x5 — 2 2d2x3 + d%x’

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x/(-c"2xd*x"2+d)"2,x, algorithm="fricas")

[Out] integral((bxarccos(c*x) + a)/(c™4*d™2%x"5 - 2%c™2*d"2%x"3 + d~2%*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*acos(c*x))/x/ (—ck*2*xd*x**2+d) **2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
f >— dx
(czdx2 - d) x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c™2xd*x"2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(cxx) + a)/((c™2xd*x"2 - d)~2*x), x)
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3 14 fa+b cos™1(cx) dx

x? (d—czalxz)2

Optimal. Leaf size=177

3ibcPolyLog (2, —eiCOS_l(C")) 3ibcPolyLog (2, e Cos_l(cx)) 3c%x (a +b cos‘l(cx)) a+bcosT(cx) 3¢ tanh™
- + + - +
242 242 242 (1 - c2x2) d?x (1 - szz)

[Out] (bxc)/(2*%d"2xSqrt[1 - c™2*x"2]) - (a + b*ArcCos[c*x])/(d"2*x*(1 - c™2*x"2))
+ (3xc™2xx*(a + bxArcCos[c*x]))/(2xd"2x(1 - c"2%x72)) + (3*c*x(a + bxArcCos
[c*x])*ArcTanh [E~ (I*ArcCos[c*x])])/d"2 + (bxc*ArcTanh[Sqrt[1 - c™2xx~2]])/d

"2 - (((3*I)/2)*b*c*PolyLogl[2, -E~(I*ArcCos[c*x])]1)/d~2 + (((3*I)/2)*b*c*Po
lyLog[2, E~(I*ArcCos[c*x])]1)/d"2

Rubi [A] time = 0.181843, antiderivative size = 177, normalized size of antiderivative =
. . ber of rul

1., number of steps used = 13, number of rules used = 11, integrand size = 25, oD o T

integrand size

= 0.44, Rules used = {4702, 4656, 4658, 4183, 2279, 2391, 261, 266, 51, 63, 208}

3ibcPolyLog (2, —é Cos_l(”‘)) 3ibcPolyLog (2, ¢ COS_l(C")) 3c%x (a +b cos‘l(cx)) a+bcos(cx) 3¢ tanh™
242 242 242 (1 - szz) d2x (1 - szz)

Antiderivative was successfully verified.

[In] Int[(a + bxArcCos[c*x])/(x72*%(d - c~2*d*x"2)72),x]

[Out] (b*xc)/(2xd"2*xSqrt[1 - c™2*x"2]) - (a + b*ArcCos[c*x])/(d"2*x*(1 - c~2*x"2))
+ (Bxc™2*x*x(a + bxArcCos[c*x]))/(2xd"2*x(1 - c"2*x72)) + (3*c*(a + bxArcCos
[c*x])*ArcTanh [E~ (I*ArcCos[c*x])])/d"2 + (bxc*ArcTanh[Sqrt[1 - c™2xx~2]])/d

"2 - (((3%I)/2)*bxc*PolyLog[2, -E~(I*ArcCos[c*x])])/d~2 + (((3*I)/2)*bxc*Po
lyLog[2, E~(I*ArcCos[c*x])])/d"2

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)k(x_)72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*x(d + exx"2) " (p + )x(a + Db
xArcCos [c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c™2%(m + 2*p + 3))/(£72*%(m + 1)
), Int[(f*x)"(m + 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cknxd~IntPart [p]l*(d + e*x~2) FracPart[p])/(f*(m + 1)*(1 - c~2%x"2) FracPart
(p]), Int[(f*x)"(m + 1)*(1 - c™2*xx"2) " (p + 1/2)*(a + bxArcCos[c*x])"(n - 1)
, xJ, x]) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c”2*d + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4656

Int[((a_.) + ArcCos[(c_.)*(x_)J*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_), x_

Symbol] :> -Simp[(x*(d + e*x”72)"(p + 1)*(a + b*xArcCos[c*x]) " n)/(2*dx(p + 1)
), x] + (Dist[(2*xp + 3)/(2xd*(p + 1)), Int[(d + exx"2) " (p + 1)x(a + bxArcCo
slcxx])"n, x], x] - Dist[(b*c*n*d~IntPart[pl*(d + e*x~2) FracPart[p])/(2x(p
+ 1)*(1 - c¢™2*x72) FracPart([p]l), Int[x*(1 - c™2*xx"2)"(p + 1/2)*(a + bxArcC
oslc*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0]
&& GtQ[n, 0] && LtQlp, -1] && NeQ[p, -3/2]

Rule 4658
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*x(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] & EqQ[c™2*d + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%x(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Log[l + E"(Ix(e + f*xx))1, x1, x]) /; FreeQ[{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)" (@ ))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D*(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*(c + d*x)"(m + 1))/((b*c - axd)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, ¢, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
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(bo) [ ;)3/2 dx

f a+b cos‘l(cxz o0 :— b cos‘:(czx) . (3c2) f a+b Cos‘l(czx) e x(;l—zczx2
xz(d——czdxz) d x(l-—c x ) (d__czdxz)
1
bc) Subst | [ —— dx, x, x? 3bc3) [ —
_a+bcosT!(cx) . 3c%x (11 + bcos‘l(cx)) 9 (f x(1-c2) "2 ) .\ ( ) / (1-
T &2 (1 - szz) 242 (1 - czxz) 242 2d
be a+bcos(cx) 3c%x (a +b cos‘l(cx)) (3c) Subst ( f (a + bx) csc(x) dx,
= —_ + —
24241 — c2x2 d%x (1 —~ szz) 242 (1 - szz) 242
_ 2 -1 -1 -1 ( ico
be a+bcosi(cx) 3cx (a + bcos (cx)) 3¢ (a + bcos (cx)) tanh (e
24241 - 2x2  d?x (1 - szz) 242 (1 - szz) d?
be a+bcos(cx) 3cx (a +b cos‘l(cx)) 3c (u +b cos‘l(cx)) tanh ™ (eico
2d2V1 — 2x2  d?x (1 - c2x2) 242 (1 - szz) d?
be a+bcos(cx) 3cx (u +0b cos‘l(cx)) 3¢ (a +0b cos‘l(cx)) tanh ™t (eico
= - + +
24241 - c2x?  d?x (1 - szz) 242 (1 - c2x2) d?
Mathematica [A] time = 0.464617, size = 251, normalized size = 1.42
—6ibcPolyLo (2 —eiCOS_l(C")) + 6ibcPolyLo (2 eicos_l(cx)) _ 2310 (1 - cx) + 3aclog(cx +1) - 2 + beV1
yLog | <, yLog |4, 22— g g x 1-c
Warning: Unable to verify antiderivative.
[In] Integrate[(a + b*ArcCos[cxx])/(x72*(d - c~2*xd*x~2)72),x]
[Out] ((-4%*a)/x + (b*xc*Sqrt[l - c™2*x72])/(1 - c*x) + (b*c*Sqrt[l - c™2*x~2])/(1
+ c*xx) — (2%xaxc™2xx) /(-1 + c72%x72) - (4xbxArcCos[c*x])/x + (b*xc*ArcCos[c*xx
1)/ - c*x) - (bxc*ArcCos[c*x])/(1 + c*x) - 6%bxcxArcCos[c*x]*Log[l - E~(I
xArcCos [c*x])] + 6%bxcxArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])] - 4*b*xcxLogl[x
1 - 3%axc*xLog[l - c*x] + 3xaxcxLogl[l + c*xx] + 4xb*c*Log[l + Sqrt[l - c™2*x”
2]1] - (6xI)*bxc*PolyLog[2, -E~(I*ArcCos[cxx])] + (6xI)*bxc*PolyLogl[2, E~(I*
ArcCos[cxx])])/(4%d"2)
Maple [A] time = 0.223, size = 260, normalized size = 1.5
3caln(cx -1 3cal 1 3b 2 b :
ca caln(cx-1) ca caln(cx +1) _a_ 3barccos (cx) c*x c N

TiB(x-1) | 4B dB(x+D) | 4P d2x 22 (c2x2 1) _2d2(c2x2—1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"2/(-c”~2*d*x"2+d) ~2,x)

[Out] -1/4*c*a/d"2/(cxx-1)-3/4*c*a/d"2*1n(c*x-1)-1/4*c*xa/d~2/ (c*x+1)+3/4*c*a/d" 2%
In(c*x+1)-a/d"2/x-3/2*xb/d"2/ (c"2*¥x"2-1) *arccos (c*x) *c~2*xx—1/2*c*b/d"2/ (c™ 2%
x"2-1)*(-c"2%x"2+1) " (1/2)+b/d"2/x/ (c"2*xx"2-1) *arccos (c*x) -2*I*c*b/d"2*arcta
n(ckx+I*(-c™2*%x72+1) " (1/2))-3/2*I*c*xb/d"2*xdilog(c*xx+I*(-c~2*x"2+1)~(1/2))-3
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/2%Ixcxb/d"2*%dilog (1+ckx+I* (-c™2%x72+1) ~(1/2))+3/2*c*b/d"2*arccos (c*xx)*1n(1
+oxx+I* (-c™2*xx72+1) 7 (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 2(3c2x2—2) 3010g(cx+1)+3clog(cx—1)
—_—— a p—
4| 2d%x3 - d%x a2 d?

) ((6 2% -3 (c3x3 — cx) log(cx+1) +3 (c3x3 - cx) log (—cx -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x"2/(-c"2*d*x~2+d)"2,x, algorithm="maxima"

[Out] -1/4x%a*x(2*%(3%c™2*x"2 - 2)/(c™2%d"2%xx"3 - d™2*x) - 3*cxlog(c*x + 1)/d72 + 3%
cklog(c*xx - 1)/d72) - 1/4%((6%c™2*%x"2 - 3*(c™3*x"3 - c*x)*log(c*xx + 1) + 3%
(c™3*%x73 - c*x)*log(-c*x + 1) - 4)*arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*
x) + 4x(c72xd"2%x73 - d72*x)*integrate(-1/4*(6%c™3*xx"2 - 3% (c74*x"3 - c72*x
)*¥log(cxx + 1) + 3%(c™4*x”3 - c™2*x)*log(-c*x + 1) - 4*c)*sqrt(ckx + 1)*sqr
t(—ckxx + 1)/(c™4*%d"2%xx"5 - 2%c™2xd"2*x"3 + d~2%x), x))*b/(c"2*%d"2%xx~3 - 472

*x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) +a )

integral X
& (C4d2x6 —2c2d?x* + d?x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c™2%d*x"2+d)"2,x, algorithm="fricas")

[Out] integral((bxarccos(c*x) + a)/(c™4*d"2xx"6 - 2*%c~2*d"2*x"4 + d"2%x72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f bacos (cx)

a
f cAx0—2c2x4+22 cAx0-2c2x4 422

72
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x**2/ (-c**x2*xd*x**2+d) **2,x)

[Out] (Integral(a/(cx*4*x*x6 — 2xcx*2*x**4 + x**2), x) + Integral (b*acos(c*x)/(c*
*4xkkB — kck*kkxkkd + x*k%2), x))/d**2

Giac [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
f >—dx
(czdx2 - d) x?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d)"2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)/((c™2*d*x"2 - d)~2%x"2), x)
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315 f a+b cos™L(cx) dx

2
x3 (d—czdxz)
Optimal. Leaf size=159

ibc?PolyLog (2, —e2 Cos_l(cx)) ibc?PolyLog (2, e% COS_l(”‘)) c? (11 +bcos™ (cx)) a+bcos\(cx) 4c? tanh ™! (f
) d ’ d> * d? (1 - szz) 222 (1 - szz) *

[Out] (bxc)/(2*%d"2*xxSqrt[1 - c™2*xx72]) + (c"2*(a + b*ArcCos[cxx]))/(d"2x(1 - ¢c~2
*x72)) - (a + b*ArcCos[c*x])/(2*%d"2*x72x(1 - c™2%x72)) + (4xc”2*x(a + b*ArcC
os[c*x])*ArcTanh [E™ ((2%I)*ArcCos[c*x])])/d"2 - (Ixb*c~2+PolyLogl[2, -E~((2*I
)*ArcCos[c*x])])/d"2 + (I*bxc~2+PolyLog[2, E~((2*I)*ArcCos[c*x])])/d~2

Rubi [A] time = 0.256963, antiderivative size = 159, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 9, integrand size = 25, number of rules

= 0.36, Rules used = {4702, 4706, 4680, 4419, 4183, 2279, 2391, 191, 271}

integrand size

ibc®PolyLog (2, —e% COSJ(C")) ibc®PolyLog (2, e COSJ(C")) c? (a +bcos! (cx)) a+bcos(cx) 4c tanh ™ (e
- + + - +
d? d? d2 (1 - c2x2) 2422 (1 - szz)

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(x"3*%(d - c 2*xd*x"2)"2),x]

[Out] (bxc)/(2xd"2*xx*Sqrt[1 - c™2%x72]) + (c"2*(a + b¥ArcCos[c*x]))/(d"2*(1 - c~2
*x72)) - (a + bxArcCos[c*x])/(2%d"2*xx"2x(1 - c™2%x72)) + (4*xc”2*(a + b*ArcC
os[c*x])*ArcTanh [E™ ((2%I)*ArcCos[c*x])])/d"2 - (Ixb*c~2+PolyLogl[2, -E~((2*I
)*ArcCos[c*x])])/d"2 + (I*bxc~2+PolyLogl[2, E~((2%I)*ArcCos[c*x])])/d~2

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((f_)*(x_))"(m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*x(d + exx™2) " (p + x(a + Db
*ArcCos[c*x])"n)/(d*f*x(m + 1)), x] + (Dist[(c™2*(m + 2*p + 3))/(£f"2*(m + 1)
), Int[(f*xx)~"(m + 2)*(d + e*x~2) px(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cknxd~IntPart [p]l*(d + e*xx~2) FracPart[p])/(f*(m + 1)*x(1 - c”2%x72) FracPart
[pl), Int[(f*x)"(m + *(1 - c”2%x"2)"(p + 1/2)*(a + bxArcCos[cxx])"(n - 1)
, x], x]1) /; FreeQ[{a, b, c, d, e, £, p}, x] &% EqQ[c™2xd + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4706

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)"(p_), x_Symbol] :> -Simp[((f*x)~(m + 1)*(d + e*xx"2) " (p + L)*(a +

b*ArcCos [c*x]) "n)/ (2+dxfx(p + 1)), x] + (Dist[(m + 2%p + 3)/(2xd*x(p + 1)),

Int [(f*x)"m*(d + e*x”2)"(p + 1)*(a + b*xArcCos[c*x])"n, x], x] - Dist[(b*c*n
xd~IntPart [p]*(d + e*xx~2) FracPart[p])/(2*fx(p + 1)*(1 - c~2*x"2) FracPart[
pl), Int[(fxx)"(m + 1)*(1 - c™2*xx"2) " (p + 1/2)*(a + b*ArcCos[c*x])~(n - 1),
x], x]) /; FreeQ[{a, b, c, d, e, f, m}, x] & EqQ[c™2+d + e, 0] && GtQ[n,

0] && LtQ[p, -1] && !GtQ[m, 1] && (IntegerQ[m] || IntegerQlp]l || EqQ[n, 1]
)

Rule 4680

Int[((a_.) + ArcCos[(c_.)*(x )I*x(_.))"(n_.)/((x)*x((d ) + (e_.)*x(x)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
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cCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Cscl(a_.) + (b_)*x )] (@ _)*((c_.) + (d_.)*x(x))"(m_.)*Sec[(a_.) + (b
_D*(x_)]7(n_.), x_Symbol] :> Dist[2”n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D)*Logl[l + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(c*exx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rule 191

Int[((a ) + (b_.)*(x )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + bxx™n)~(p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 271

Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)*(
a+ bxx™n)"(p + 1))/(ax(m + 1)), x] - Dist[(b*(m + n*x(p + 1) + 1))/(a*x(m +
1)), Int[x"(m + n)*x(a + bxx™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rubi steps
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1

a+bcos™(cx) a+bcos™(cx) a+ bcos!(cx) (be 2(1-2x2)? A
f—zdx:— +(2c2)f—2dx— >
33 (d - 2dx?) 24222 (1 - 222 x (d - c2dx?) 2d
-1
bc c? (ﬂ +b cos‘l(cx)) a+ bcos™(cx) (ZCZ) I} % dx
Tai-ce | B(l-c2) ol (1-cd) ;
be c? (a +b Cos‘l(cx)) a + bcos1(cx) (202) Subst ( f (a + bx) csc(x) sec(x
) 2d2x\1 = c2x2 i d? (1 - szz) 222 (1 — c2x2) B d?
be c? (a +b cos‘l(cx)) a + bcos1(cx) (4c2) Subst ( [(a + bx) csc(2x) dx, 2
Tl ee | @ (1-c22)  2d22(1-c22) &
bc @ (a +b cos‘l(cx)) a+bcos(cx) 4c (a +b cos‘l(cx)) tanh ™" (eZiCOS_
) 2d2x\1 = c2x2 i d? (1 - szz) 222 (1 —~ szz) * d?
be c? (a +b cos‘l(cx)) a+bcos(cx)  4c? (a +b cos‘l(cx)) tanh ™! (321"303'
) 2d2x\1 = c2x2 ’ d? (1 - szz) 222 (1 - szz) * d?
be 2 (u +b cos‘l(cx)) a+bcosT(cx) 42 (u +b cos‘l(cx)) tanh™ (eZiCOS'
A (1-c22) 222 (1-c202) >

Mathematica [A] time = 0.659255, size = 217, normalized size = 1.36

. o 2 3
—2ibc?PolyLog (2, —g2i s 1(‘”‘)) + 2ibc?PolyLog (2, g2icos 1(”‘)) + 1_“;}(2 —2ac?log (1 - szz) + 4ac? log(x) — 3% + \/g
242
Warning: Unable to verify antiderivative.
[In] Integratel[(a + b*ArcCos[cx*x])/(x73*(d - c™2*d*x"2)"2),x]
[Out] (-(a/x"2) + (axc”2)/(1 - c™2*x72) + (b*c™3*x)/Sqrt[l - c2*x"2] + (b*cxSqrt
[1 - c™2xx72])/x - (b*ArcCos[c*x])/x"2 + (b*c™2xArcCos[c*x])/(1 - c™2%x72)
- 4xb*xc”2%ArcCos [c*x] *Log[1 - E~((2*I)*ArcCos[c*x])] + 4xb*c™2%ArcCos [c*x]*
Logl[l + E~((2*I)*ArcCos[c*x])] + 4xaxc”™2xLogl[x] - 2*axc™2xLogl[l - c™2%x72]
- (2%I)*b*xc~2xPolyLog[2, -E~((2*I)*ArcCos[c*x])] + (2xI)*b*c~2xPolyLog[2, E
~((2xI)*ArcCos[c*x])])/(2*%d~2)
Maple [A] time = 0.208, size = 371, normalized size = 2.3
c’a c?aln (cx - 1) .\ c’a c?aln (cx +1) a c?aln(cx) cbarccos (cx) bc
442 (cx—1) d2 442 (cx+1) d2 2 d2x2 d2 42 (czxz - 1) 2 2y (szz .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"3/(-c " 2*xd*xx"2+d)~2,x)

[Out] -1/4*c”2*a/d~2/(cxx-1)-c"2*a/d"2*1In(c*x-1)+1/4*xc"2xa/d~2/ (c*x+1)-c~2*a/d"2x*
In(cxx+1)-1/2%a/d~2/x"2+2*xc"2*a/d"2*1n(c*x) -c~2%¥b/d"2/ (c"2*x~2-1) *arccos (c*
x)-1/2*cxb/d~2/x/(c™2*%x"2-1) * (=c™2*x"2+1) ~(1/2)+1/2%b/d"2/x"2/ (c"2*x"2-1) *a
rccos (c*xx)-2*xc™2xb/d"2*arccos (c*x) *1n(1+cxx+I* (—c™2*%x~2+1) " (1/2) ) -2*c”2*b/d
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~2xarccos (c*x) *1n(1-c*x-I* (-c™2*x72+1) " (1/2) ) +2*c~2%b/d"2*arccos (c*x) *1n(1+
(c*xx+I*x(-c™2%x72+1) 7 (1/2))"2) -I*b*c~2*polylog(2,- (c*x+I*(-c™2*x"2+1)~(1/2))
72)/d"2+2%I*xc"2%b/d"2*polylog (2, -cxx-I* (-c™2*x"2+1) " (1/2) ) +2*%I*c~2*xb/d " 2*po
lylog(2, c*xx+Ix(-c™2%xx"2+1)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

X

1 (2c210g(cx+1)+2c210g(cx—1) 4c?log (x) 2¢2x% -1 )+ farctan(\jcx+1\/—cx+1,cx)
2

d? d? d? c2d?xt — d2x2 cAd?x7 —2c2d2x5 + d2x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c™2*d*x"2+d)~2,x, algorithm="maxima"

[Out] -1/2%a*x(2%c”2*log(c*xx + 1)/d"2 + 2xc”2*log(c*x - 1)/d"2 - 4*xc™2xlog(x)/d"2
+ (2%c72xx72 - 1)/(c™2%d"2*x"4 - d72*x72)) + bxintegrate(arctan2(sqrt(c*x +
D *sqrt(-c*x + 1), c*x)/(c™4*d"2*%x~7 - 2%c™2xd"2*x"5 + d"2*x"3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) +a )

integral ,
Htest (c4d2x7 = 2.2d?x5 + d?x8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c™2*d*x~2+d)"2,x, algorithm="fricas")

[Out] integral((bxarccos(c*x) + a)/(c™4*d”™2xx"7 - 2*%c~2*d"2%x"5 + d"2%x73), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a » f bacos (cx)
cAx7 2235443 cAx7 2235423

dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x**3/ (—ck*2xd*x**2+d) **2,x)

[Out] (Integral(a/(cx*x4xx*x*7 - 2kcx*2xx*x5 + x**3), x) + Integral (b*xacos(c*x)/(c*
*AkxkkT — 2kCHk*kkxkk5 4+ x*%3), x))/d**2

Giac [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
f >— dx
(czdx2 - d) x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c”2*d*x"2+d)"2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)/((c™2*d*x"2 - d)~2*x73), x)
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3.16 fx3 (d + ex2) (a +b cos‘l(cx)) dx
M. Leaf size=149

ba3V1 — c2x2 (9c2d + 56) bx V1 — c2x2 (9czd + 56) b (9czd + 53) s
1443 B 96¢5 " 96¢

}de4 (a +b cos‘l(cx)) + %ex6 (u +b cos‘l(cx)) -

[Out] -(b*(9%c™2*d + b¥e)*x*Sqrt[1 - c™2xx72])/(96*%c™5) - (b*(9*c™2xd + 5*e)*x"3*
Sqrt[1 - c™2*x72])/(144%c”3) - (b*e*xx"b*Sqrt[1l - c™2%x72])/(36%c) + (d*xx"4x

(a + bxArcCos[cxx]))/4 + (exx"6*x(a + b*ArcCos[c*x]))/6 + (b*(9*c™2xd + 5*e)
xArcSin[c*x])/(96*c~6)

Rubi [A] time = 0.118787, antiderivative size = 149, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 19, number of rules_

0.316, Rules used = {14, 4732, 12, 459, 321, 216}

b3 V1 — c2x2 (9czd + 56) bxV1 — c2x2 (9c2d + 56) b (9czd + 56) s

+
1443 96¢° 96t

integrand size

}de‘* (a +b cos‘l(cx)) + %ex6 (a +b cos‘l(cx)) -

Antiderivative was successfully verified.

[In] Int[x"3*%(d + e*x~2)*(a + bxArcCosl[c*x]),x]

[Out] -(b*(9%c™2%d + b*e)*xxSqrt[1l - c™2xx72])/(96%c™5) - (b*x(9*c™2xd + 5xe)*x"3%
Sqrt[1 - c™2*x72])/(144%c”3) - (b*e*x"5*Sqrt[1 - c™2%x72])/(36%c) + (d*x~4x*

(a + bxArcCosl[c*x]))/4 + (exx"6x(a + b*ArcCos[c*x]))/6 + (bx(9*c~2xd + 5%e)
*ArcSin[c*x])/(96*c”6)

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x~2)7p, x]}, Dist
[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c™2x
x~2], x1, x], x1]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQlp] && (GtQ[p, O] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 459

Int[((e_.)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(d*(e*x) " (m + 1)x(a + b*x™n) " (p + 1))/ (bxex(m + n*(p
+ 1) + 1)), x] - Dist[(axd*(m + 1) - b*cx(m + nx(p + 1) + 1))/(b*(m + n*x(p
+ 1) + 1)), Int[(exx)"m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, p}, x] && NeQ[bxc - axd, 0] && NeQ[m + nx(p + 1) + 1, 0]

Rule 321
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Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))" (p_), x_Symbol] :> Simp[(c™(
n- D*x(cxx)"(m - n + D*(a + b*x™n) " (p + 1))/(b*(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

4 2
f 2 (@ +ex?) (s + bos™(ex) dx = idx‘L (a+beos™(ex)) + %ex6 (@ +beos™(cx)) + (bc) f x12(3dl—ti:;) dx
4 2
= Alzdx4 (“ +b COS_l(CX)) + é€x6 (a +b cos‘l(cx)) + 11—2(bc) f M dx

bex®V1 —c2x2 1 1
= —% + de4 (a +bcos™ (cx)) + gex6 (a +b cos‘l(cx)) * 3% (bc (9
b (9c2d + 56) VI =222 pexdV1— 22 1 1
=_ - +-—dx4(a4-bcos;%cx))+-—ex6
144¢3 36¢ 4 6
b (9czd + 5@) xV1-c2x2 b (9c2d + Se) BPVI =22 pexdV1I— 22 1
a 96¢5 ) 14463 S
b (9c2d + Se) xV1-c2x2 b (9c2d + 56) VI =222 pexdV1— 22 1
o 9%c5 ) 12473 T

Mathematica [A] time = 0.140823, size = 153, normalized size = 1.03

1 1 3x 23\ 3bdsin}(cx) 5x3 5¢v  x°\ Sbesin Y(cx
—adx® + —aex® + bdV1 = 22 [ - = Y i beV1 -2 T T
gt e “r ( 3263 16c)+ 32c4 evTer ( 144~ 965 36c) 96¢6

Antiderivative was successfully verified.

[In] Integrate[x”3*(d + exx"2)*(a + b*ArcCos[c*x]),x]

[Out] (axd*x"4)/4 + (a*e*xx"6)/6 + b*d*Sqrt[l - c™2*xx"2]*((-3*x)/(32*c~3) - x~3/(1
6%c)) + bxexSqrt[l - c 2*xx"2]*((-5*x)/(96%c”5) - (5*x73)/(144%c”3) - x75/(3

6xc)) + (bxd*x~4xArcCos[c*x])/4 + (bxexx 6xArcCos[cxx])/6 + (3*b*d*ArcSinlc
*xx])/(32%c”4) + (b5*b*exArcSin[c*x])/(96*c™6)

Maple [A] time = 0.022, size = 177, normalized size = 1.2

1(a ectx® . x4ctd . b (arccos (cx) ec®x® , Arccos (cx) c®x*d L _E Narrell 5c3x3 Narrell 5
c*\¢c? 6 4 c2 6 4 6 6 24 ]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3%(e*xx~2+d)* (a+tb*arccos(c*x)),x)

[Out] 1/c”4*x(a/c™2x(1/6*%xexc”6*xx"6+1/4*xx"4*c~6*xd)+b/c~2*(1/6*arccos (c*xx) *xe*xc 6*xx"6
+1/4*arccos (c*x) *c™6xx~4*d+1/6%e*x (-1/6*%c™5xx"b* (—c™2%x"2+1) ~(1/2) -5/24*c” 3%
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X"3%(-c72%x"2+1) " (1/2)-5/16*cxx*x (—c™2*%x"2+1) " (1/2)+5/16*arcsin(c*x) ) +1/4*c”
2xd*x (-1/4%c”3*%x" 3% (-c™2%xx"2+1) " (1/2)-3/8*c*xx* (-c™2*%x"2+1) " (1/2)+3/8*arcsin(
c*x))))

Maxima [A] time = 1.81237, size = 255, normalized size = 1.71

2

. cX
2V= 22 + 103 3V—c22 +1x O arcsin (ﬁ) .
+ - c|bd + — | 48 x® arccos
2 4
‘ ¢ Ve2ct 288

1 1 1
c aex® + 1 adx* + % 8 x* arccos (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="maxima"

[Out] 1/6*axe*xx”™6 + 1/4*a*xd*xx"4 + 1/32%(8*x"4*arccos(c*xx) - (2*sqrt(-c™2*x72 + 1)
*x"3/c”2 + 3xsqrt(-c”2*x"2 + 1)*x/c”4 - 3*arcsin(c”2*x/sqrt(c”2))/(sqrt(c™2
)*c”™4))*c)*bxd + 1/288x(48*x"6*arccos(cxx) - (8*sqrt(-c™2*x72 + 1)*x~5/c”2

+ 10*sqrt(-c™2*x"2 + 1)*x73/c”4 + 16*sqrt(-c™2*x"2 + 1)*x/c”6 - 16%arcsin(c
~2xx/sqrt(c”2))/(sqrt(c”2)*c~6))*c) *b*e

Fricas [A] time = 2.14309, size = 286, normalized size = 1.92

48 acex® + 72 ac®dx* + 3 (16 bcbex® + 24 bc®dx* — 9 bc?d - 5 be) arccos (cx) — (8 bcPexd + 2 (9 bc®d + 5 bc3e)x3 +3 (9 be
2880

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/288%(48%axc”6*exx™6 + 72*axc 6xd*x"4 + 3% (16*%b*c™6*exx”6 + 24*bxc”6xd*xx"4
- 9%b*xc”2xd - bxb*e)xarccos(c*x) - (8k%b*c bkxexx™5 + 2% (9xb*xc~5%d + 5*b*xc™3
xe)*x"3 + 3% (9%b*c”3*d + b¥b*cke)*x)*sqrt(-c”2%x"2 + 1))/c”6

Sympy [A] time = 5.14358, size = 211, normalized size = 1.42

adx* aex®

4 6 4
2 4 6

Verification of antiderivative is not currently implemented for this CAS.

bdx* acos (cx) + bex®acos(cx)  bdx3V-c2x2+1  bexdV-c2x2+1  3bdxV-c2x2+1  5bex3V—-c2x2+1  3bd acos (cx) SbexV—c

16c 36¢ 32¢3 h 144¢3 324 96¢

[In] integrate(x**3* (exx**2+d)* (a+b*acos(c*x)),x)

[Out] Piecewise((axd*x**4/4 + akxe*x**6/6 + b*d*x*x4dxacos(c*x)/4 + brexx**6*xacos(c
*x)/6 — bkdkxx*k3*xsqrt(—ckx*2xx**2 + 1)/(16%c) - bkexx*xbksqrt (—cx*2xx*x2 + 1
)/ (36%c) — 3*kbkd*x*ksqrt(—ck*x2xxx*2 + 1)/(32xc**3) - Bxbkexxx*3*sqrt (-c**2*x
*x%2 + 1)/(144xc*%3) - 3xb*d*xacos(c*x)/(32%cx*4) - Bkbkexxksqrt (—ckx*2*x**2 +
1)/ (96*cx*5) - bxbxexacos(c*x)/(96xc*x6), Ne(c, 0)), ((a + pixb/2)*(d*x**4
/4 + exx**x6/6), True))
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Giac [A] time = 1.14045, size = 231, normalized size = 1.55

1 1 1, V-2 +1bx’e 1, N-c2x2+1bdx®  5V—-c2x? +1bx°
— bx® arccos (cx) e + — ax®e + — bdx* arccos (cx) - —  + —adx* — -
6 6 4 36¢ 4 16¢ 144 c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/6*bxx~6*arccos(c*x)*e + 1/6%axx"6%e + 1/4*bxd*x"4*arccos(c*x) - 1/36%*sqrt
(-c™2%x72 + 1)*bxx"5*xe/c + 1/4xaxd*x”4 - 1/16*sqrt(-c™2%x72 + 1)*b*d*x~3/c
- 5/144%xsqrt(-c”2*x"2 + 1)*b*x"3%e/c”3 - 3/32*sqrt(-c”2*x72 + 1)*bxd*x/c”3
- 3/32*b*xd*arccos(c*x)/c”4 - 5/96*sqrt(-c”2*x"2 + 1)*bxxxe/c”5 - 5/96%b*arc

cos(c*x)*e/c”6
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3.17 f x? (d + ex2) (a +bcos™ (cx)) dx
M. Leaf size=120

b (1 - C2x2)3/2 (502d + 66) bV1 — c2x2 (5c2d + 36) be (1 - c2x2)5/2
45¢5 - 15¢5 - 25¢5

%dxg' (a + bcos‘l(cx)) + éex5 (a +b cos‘l(cx)) +

[Out] -(b*(5*%c™2*d + 3*e)*Sqrt[l - c”2*x"2])/(15%c~5) + (b*(5*c™2*d + 6*e)*(1 - ¢
~2%xx72)7(3/2))/(45%c”5) - (b*ex(1 - c™2%x"2)"(5/2))/(25%c”5) + (d*x"3*x(a +
bxArcCos[c*x]))/3 + (e*xx"5%(a + bxArcCos[c*x]))/5

Rubi [A] time = 0.12064, antiderivative size = 120, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 19, e -

integrand size
0.263, Rules used = {14, 4732, 12, 446, 77}

b (1 - szz)3/2 (5c2d + 6e) bv1 — c2x2 (502d + 33) be (1 - czxz)S/2
45¢5 - 15¢5 C 2565

%dxe’ (a + bcos‘l(cx)) + éexS (a +b cos‘l(cx)) +

Antiderivative was successfully verified.

[In] Int[x"2%(d + exx~2)*(a + bxArcCos[c*x]),x]

[Out] -(b*(5*%c™2*%d + 3*e)*Sqrt[l - c™2*x72])/(15%c”5) + (b*(5*c™2xd + 6xe)*x(1 - ¢
“2%xx72)7(3/2))/(45%c”5) - (bxex(1 - c”2%x"2)7(5/2))/(25%c”5) + (d*x"3*(a +
b*ArcCos[c*x]))/3 + (exx~5%(a + bxArcCos[c*x]))/5

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x"2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2x
x~2], x], x], x1] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQ[p]l && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(@_ ) (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/mn, Subst[Int[x~(Simplify[(m + 1)/n] - 1)x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
b*xc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 77

Int[((a_.) + (b_D)*x))*((c ) + (d_)*x D))" (n_)*((e_.) + (£_D)*x(x_))"(p_
.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) nx(e + f*x)7p, x],
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x] /; FreeQ[{a, b, c, d, e, f, n}, x] && NeQ[b*c - axd, 0] && ((ILtQ[n, O]
&% ILtQ[p, 01) || EqQlp, 11 || (IGtQLp, O] && ( 'IntegerQ[n] || LeQ[9*p +
5k(n + 2), 0] || GeQ[n + p + 1, 0] || (GeQ[n + p + 2, 0] && RationalQ[a, b,
c, d, e, £f1))))

Rubi steps

5d + 3ex )

15\/ — c2x2

1, 5 1 5 5d + Sex
= gdx (a+bcos (cx)) gex (a+bcos (cx) +—(bc)f Ny dx

x(5d + 3e
Vi-e
5c2d + ¢
V-

b (5c2d + Se) V1i-c2x2 b (5C2d + 66) (1 - c2x2)3/2 be (1 - c23c2)5/2 1
o 156 " 45¢5 T35 3

f (d +ex ) (a +bcos™ 1(cx)) dx = %dx (a +bcos™ 1(cx)) %ex (a +bcos™ 1(cx)) + (bo) f

1 _ 1 _
= gdx3 (a +bcos 1(cx)) + gex5 (a + b cos l(cx)) + %(bc) Subst (f

1 i 1 i 1
= gdxg’ (a +bcos 1(cx)) + gex5 (a + bcos 1(cx)) + %(bc) Subst [f[

d:

Mathematica [A] time = 0.102891, size = 125, normalized size = 1.04

2

1 1 2 4 8 4 1 1
gudx + 5aex +bd (—9—3 - %) V1 - c2x2 + beV1 — c2x2 (—% ~ T T 2x5 ) + 3bdx cos1(cx) + 5bex cos™I(

Antiderivative was successfully verified.

[In] Integrate[x~2*x(d + e*xx~2)*(a + bxArcCos[c*x]),x]

[Out] (axd*x~3)/3 + (axexx"5)/5 + b*d*(-2/(9%c"3) - x72/(9*c))*Sqrt[1 - c~2%x"2]
+ bxexSqrt[1 - c™2*xx72]1*(-8/(75%c”5) - (4*x72)/(75%c~3) - x~4/(25%c)) + (bx
d*xx"3xArcCos[c*x])/3 + (b*exx"5xArcCos[c*x])/5

Maple [A] time = 0.005, size = 161, normalized size = 1.3

1 (a (ec®x® codx®\ b (arccos(cx)ec®x® arccos(cx)dcx® e ctx* ——
— — + +— + + - —?V—c x2 +

EACANE 3 c? 5 3 5

4.c%x? ¢
SNt -7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2%(e*xx~2+d)* (a+tb*arccos(c*x)),x)

[Out] 1/c”3*x(a/c”2x(1/5xe*xc”5%x~5+1/3*%c”5xd*x~3)+b/c~2x(1/5*arccos (c*x) *e*xc 5*x~5
+1/3*arccos (cxx) *d*xc~5*x"3+1/5%e* (—1/5%c ™ 4*x"4* (—c™2%x"2+1) " (1/2) -4/15*%c™ 2%

XT2% (—c72*x72+1) " (1/2)-8/15% (—c™2*x"2+1) ~(1/2) ) +1/3*c™2xd* (-1/3*c~2*xx~2* (-c
~2%x"2+1) " (1/2)-2/3% (-c™2xx~2+1) ~(1/2))))

Maxima [A] time = 1.75077, size = 194, normalized size = 1.62

I R N e V=c2x2 +1x*  2V-c2x2 +1 1 s 3V-c2x2 +
5 aex> + 3 adx® + 9 3 x° arccos (cx) — ¢ 2 + I bd + 7 15 x° arccos (cx) — — 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2+*(e*x~2+d)*(a+b*arccos(c*x)),x, algorithm="maxima"

[Out] 1/B*a*xexx~5 + 1/3*%axd*x”3 + 1/9%(3*x"3*arccos(c*x) - c*x(sqrt(-c™2*x"2 + 1)%
X"2/c”2 + 2xsqrt(-c"2*x"2 + 1)/c”4))*bxd + 1/75%(15*x " b*arccos(c*x) - (3*sq
rt(-c™2%x72 + 1)*x74/c”2 + 4*xsqrt(-c”2*x72 + 1)*x72/c”4 + 8xsqrt(-c™2*x"2 +
1)/c76)*c) *b*e

Fricas [A] time = 2.23938, size = 250, normalized size = 2.08

45 acdex® + 75 ac®dx® + 15 (3 bcex® + 5 bc5dx3) arccos (cx) — (9 betex* + 50 be?d + (25 be*d +12 bcze)x2 +24 be)\/—cz:
225 ¢°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/225%(45*a*xc”b*exx™5 + 7bh*axc ™ bxd*x~3 + 15%(3*xb*c~5*exx”™5 + bxb*xc ~5xd*x~3)
xarccos (cxx) — (9xbxc 4*xexx™4 + 50xb*xc™2xd + (25%b*xc”4*d + 12*b*xc”2%e)*x"2
+ 24xb*e)*sqrt(-c”2*x72 + 1))/c”5

Sympy [A] time = 2.63005, size = 177, normalized size = 1.48

adx®  agex®  bdxdacos(cx)  bexPacos(cx)  bdx®V-c2x2+1  bex*V-c2x2+1  2bdV-c2x2+1  4bex®N-c2x2+1  8beV-c2x2+1 for ¢ +
3 5 3 5 9 25¢ 9c3 75¢3 75c5
a+ ) (42 + e otherv
2 3 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2* (e*x**2+d)* (atb*acos(c*x)) ,x)

[Out] Piecewise((a*d*x**x3/3 + axe*xx**5/5 + bxd*x**3*acos(c*x)/3 + b*exx**b5*xacos(c
*x) /5 - bkdkx**2ksqrt (-ck*2+x**2 + 1)/(9%c) - bxexxx*xdksqrt (-ck*2xx**2 + 1)
/(25%c) - 2%bxd*sqrt (—cxk2xx**2 + 1)/(9%c**3) — 4dxbkexx**x2*xsqrt (—ch*2xx**2

+ 1)/ (75%c**3) - 8*bxe*xsqrt (-cx*2xx**2 + 1)/(75%c*x5), Ne(c, 0)), ((a + pix

b/2)* (d*x**x3/3 + exx**x5/5), True))

Giac [A] time = 1.18421, size = 197, normalized size = 1.64

V=c2x2 + 1bx*e 1 e V=c2x2 + 1bdx?> 4 V-c2x? + 1bx%e

+_ p—
25¢ 37X 9c 7503

1 1 1
z bx® arccos (cx) e + z ax‘e + 3 bdx3 arccos (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(e*xx~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/5%b*x~5*arccos(c*x)*e + 1/b*xaxx"bkxe + 1/3*bkxd*x~3*arccos(c*x) - 1/26xsqrt
(-c™2%x72 + 1)*bxx"4*e/c + 1/3*%axd*x”3 - 1/9*sqrt(-c”2*x"2 + 1)*bxd*x~2/c -
4/75%sqrt (-c”2*x"2 + 1)*bxx"2*e/c”3 - 2/9*sqrt(-c~2*x"2 + 1)*bxd/c~3 - 8/7
5xsqrt (-c”2*x"2 + 1)*b*e/c”5
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3.18 fx (d + exz) (a +b cos‘l(cx)) dx

Optimal. Leaf size=122

(d + ex2)2 (a +Db Cos‘l(cx)) b (8c4d2 + 8c?de + 362) sin"!(cx)  bxv1 - 2x2 (d + ex2) 3bxV1 - c?2x? (2c2d + e)

+
4e 32c%e 16¢ 32c3

[Out] (-3*b*x(2xc™2*xd + e)*xxSqrt[l - c™2xx72])/(32%xc”3) - (b*x*Sqrt[l - c™2*x72]*
(d + exx"2))/(16%c) + ((d + exx"2)"2x(a + bxArcCos[c*x]))/(4xe) + (b*x(8xc™4
*d~2 + 8%c"2xdxe + 3*e”2)*ArcSin[c*x])/(32%c"4xe)

Rubi [A] time = 0.0858386, antiderivative size = 122, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 4, number of rules used = 4, integrand size = 17, e o e

= 0.235, Rules used = {4730, 416, 388, 216}

integrand size

(d + €X2)2 (a +b cos‘l(cx)) b (8c4‘d2 + 8c%de + 3e2) sinMex)  baV1 - c2x2 (d + exz) 3bxV1 — c2x2 (2c2d + e)
4e " 32cte - 16c - 323

Antiderivative was successfully verified.

[In] Int[x*(d + exx"2)*(a + b*ArcCos[c*x]),x]

[Out] (-3*b*x(2xc™2*xd + e)*xxSqrt[1 - c™2xx72])/(32%xc”3) - (b*x*Sqrt[l - c™2*x72]*
(d + exx"2))/(16%c) + ((d + exx"2)"2x(a + bxArcCos[c*x]))/(4*xe) + (b*x(8xc™4
*d~2 + 8%c”2xdxe + 3*e”2)*ArcSin[c*x])/(32%c"4xe)

Rule 4730

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*(x_)*((d_) + (e_)*(x)"2)"(p_.), x_
Symbol] :> Simp[((d + exx"2) " (p + 1)*(a + b*ArcCos[c*x]))/(2*xex(p + 1)), x]
+ Dist[(b*c)/(2%ex(p + 1)), Int[(d + exx"2)"(p + 1)/Sqrtl[l - c™2*x~2], x],
x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 416

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_.)*(xx_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)"(q - 1))/ (b*x(n*x(p + @ + 1)),
x] + Dist[1/(b*x(n*x(p + q) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[ckx(bxcx(n*x(p + q) + 1) - axd) + dx(bxcx(n*x(p + 2%q - 1) + 1) - a*xdx(nx(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[bxc - axd,
0] & GtQlg, 1] & NeQInx(p + q) + 1, 0] & 'IGtQlp, 1] && IntBinomialQ[a
, b, c,d, n, p, q, xJ

Rule 388

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x"n) " (p + 1))/ (bx(nx(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1)/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n) p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[all1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
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2\2 » (bo) (d+ex2)2 p
fx (d + exz) (a + bcos‘l(cx)) dx = (d e ) (a +beos (cx)) + ) Vi
4e 4e

—d (4czd +e)—3e(2c2d +e)x2

bx V1 — c2x2 (d + exz) (d + exz)z (a +b cos‘l(cx)) bf N :

= — + —

16c 4e l6ce
3b (2c2d + e) xWV1-c22  bxV1- 22 (d + exz) (d + exz)2 (a +bcos! (cx))
- 32¢3 - 16¢ " 4e
B (2c2d + e) xV1-c22  bxVl-c2x? (d + exz) N (d + ex2)2 (a +bcos! (cx))
32¢3 16¢ 4e

Mathematica [A] time = 0.103258, size = 131, normalized size = 1.07

—adx? + - +=
pfax T e 4c 4c? 32c 2

1 1, bdxVl-c22 N bd sin™ (cx) N bem( 3x  A° ) N 3besin H(cx) 1

bdx? cos™ (cx) + Alibea

Antiderivative was successfully verified.

[In] Integratel[x*(d + exx”2)*(a + b*ArcCos[c*x]),x]

[Out] (a*xd*x72)/2 + (axe*x~4)/4 - (bxd*xx*Sqrt[l - c”2*x72])/(4xc) + b*xexSqrt[l -
c”2xx" 2] % ((-3%x)/(32%c"3) - x73/(16*xc)) + (b*xd*xx"2xArcCos[c*x])/2 + (b*xexx™
4xArcCos[c*x])/4 + (bxd*ArcSinf[c*x])/(4*xc™2) + (3*bxexArcSin[c*x])/(32%c™4)

Maple [A] time = 0.004, size = 137, normalized size = 1.1

1 (a [ec*x* x3%c*d b [arccos (cx)ectx* arccos(cx)dc*x® e[ 3x3 3cx 3 arcs
== + + = () + () +-|—— V-2 +1 - — V-2 +1+
c2\c2\ 4 2 c2 4 2 4 4 8 ‘

(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(exx~2+d)*(atb*arccos(c*x)),x)

[Out] 1/c”2*x(a/c”2x(1/4%exc™4*x"4+1/2*%x"2*c " 4*d)+b/c"2* (1/4*arccos (c*x) *exc~4*xx~4
+1/2*arccos (cxx) *d*xc~4*x"2+1/4*e*x (-1/4*c”3*x" 3% (—c"2*xx"2+1) " (1/2) -3/8*c*xx*(
-c72%x72+1) " (1/2)+3/8*arcsin(cxx) ) +1/2%c™2*d* (-1/2*xcxx*x (—c™2xx~2+1) " (1/2)+1
/2%arcsin(c*x))))

Maxima [A] time = 1.74605, size = 200, normalized size = 1.64

2

. cx
V-c2x2 +1x AT (ﬁ) 1., 2 V=22 +1x°
5 - bd + —|8x*arccos (cx) - | ——————+
c Veze2 32 c

1 1
—aex* + = adx® + = [2x% arccos (cx) — ¢
4 2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)* (atb*arccos(c*x)),x, algorithm="maxima"

[Out] 1/4*axe*xx™4 + 1/2%a*xd*x”2 + 1/4x(2*x"2*arccos(c*x) - c*(sqrt(-c™2*x72 + 1)*
x/c”2 - arcsin(c™2*x/sqrt(c”2))/(sqrt(c”2)*c~2)) ) *b*xd + 1/32%(8*x"4*arccos(
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cxx) — (2xsqrt(-c™2xx72 + 1)*x73/c”2 + 3xsqrt(-c™2*xx"2 + 1)*x/c”4 - 3*arcsi
n(c™2*xx/sqrt(c”2))/(sqrt(c™2)*c™4))*c) *bxe

Fricas [A] time = 2.13934, size = 234, normalized size = 1.92

8actex* + 16 ac*dx? + (8 bctex* +16 be*dx? — 8 bc?d — 3 be) arccos (cx) — (2 bclex® + (8 bcdd +3 bce)x) —2x2 +1
32¢*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x”~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/32%(8xaxc”4*xe*xx™4 + 16*a*xc™4*xd*xx"2 + (8*bxc 4d*exx™4 + 16%bxc 4*xd*x"2 - 8%
b*xc~2*d - 3*bxe)*arccos(c*x) — (2xbkxc~3*%e*x~3 + (8*b*xc~3*d + 3*bkxc*e)*x)*sq
rt(-c™2*x"2 + 1))/c"4

Sympy [A] time = 1.53018, size = 158, normalized size = 1.3

adx®  gex* + bdx? acos (cx) + bextacos(cx)  bdxV—c2x2+1  bexr3V-c2x2+1 _ bdacos(cx) 3bexV-c2x2+1 __ Bbeacos (cx) for c +
2 4 2 4 4c 16¢ 4c? 32¢3 32¢%
a+ 2 oS + o otherw
2 2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x**2+d)*(atb*acos(c*x)) ,x)

[Out] Piecewise((axd*x**2/2 + akxexx**4/4 + bxd*x**2*acos(c*x)/2 + bxexx**4*xacos(c
*x) /4 - bxdkxxsqrt(—ck*2xx*x*2 + 1)/(4%c) - brexx**x3*ksqrt (-cx*2*xx*x*x2 + 1)/(1

6%c) - bkxdxacos(c*xx)/(4xc**2) — 3xbkexx*sqrt(—cx*2xx*x2 + 1)/(32%c*x*3) - 3x
bxe*xacos(c*x)/(32+c**4), Ne(c, 0)), ((a + pixb/2)*(d*x**2/2 + exx**x4/4), Tr

ue))

Giac [A] time = 1.18315, size = 170, normalized size = 1.39

1, T, 1 ., V-c2x2+1bx%e 1, V-c2x2+1bdx bdarccos(cx) ¢
— bx* arccos (cx) e + — ax®e + = bdx* arccos (cx) - —  + —adx” — - — -
4 4 2 16¢ 2 4c 4 c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/4*b*x”~4xarccos(c*x)*e + 1/4xaxx"4*e + 1/2xb*d*x~2xarccos(c*x) - 1/16x*sqrt
(-c™2%x72 + 1)*bxx"3%e/c + 1/2%axd*x”2 - 1/4*sqrt(-c”2*x"2 + 1)*bxd*x/c - 1
/4xbxd*arccos(c*x)/c”2 - 3/32*sqrt(-c™2*%x72 + 1)*b*x*e/c”3 - 3/32xb*arccos(
c*x)*e/c”4
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3.19 f (d + exz) (a +b cos‘l(cx)) dx

Optimal. Leaf size=81

— o
dx (a+beos(cx)) + %eﬁ (a+beosT(ex) - e J;CEBC - - . 9§3x )

[Out] -(b*(3*c™2*d + e)*Sqrt[l - c™2%x72])/(3*%c”3) + (b*ex(1l - c™2%x72)7(3/2))/(9
*c~3) + d¥x*(a + b*ArcCos[c*x]) + (exx~3%(a + bxArcCos[c*x]))/3

Rubi [A] time = 0.0674421, antiderivative size = 81, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 16, e -

0.188, Rules used = {4666, 444, 43}

integrand size

S oy
dx (a +bcos™ (cx)) + %eﬁ (2 + beos™ () - e J;(,~~£3C - = ‘ 9§3x )

Antiderivative was successfully verified.

[In] Int[(d + e*xx"2)*(a + bxArcCosl[c*x]) ,x]

[Out] -(b*(3*c™2*d + e)*Sqrt[l - c™2%x72])/(3*%c”3) + (b*ex(1l - c™2%x72)7(3/2))/(9
*c~3) + d¥x*(a + b*ArcCos[c*x]) + (exx~3%(a + bxArcCos[c*x]))/3

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c™2*x72], x], x], x]] /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, 0]
)

Rule 444

Int[(x )" (m_.)*x((a_) + (b_D*x )" ))"(p_)*x((c_) + (d_)*x)"(n))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)"q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[bxc - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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€x2
X (d + —)

3
ex

V1 — c2x?
d+ —

1 1
=dx (a+bcos™H(cx)) + =ex® (a + bcos™(cx)) + =(bc) Subst 3 dx, x, x
o+ beos )+ e o bes ) Ak
3c2d +e f

3¢2V1 - c2x -

f (d + exz) (a + bcos‘l(cx)) dx = dx (a +b cos‘l(cx)) + %ex3 (a +b cos‘l(cx)) + (be) f dx

= dx (a +b Cos‘l(cx)) + %ex3 (a +bcos! (cx)) + %(bc) Subst [f[

b (3czd + e) V1-c2x2  be (1 - c2x2)3/2
- +

3¢3 9c3

+dx (a + bcos‘l(cx)) + %ex3 (a + b

Mathematica [A] time = 0.07248, size = 91, normalized size = 1.12

bdV1 — c2x? 2 2 1
adx + gaex3 - % + be (—@ —~ %) V1 - c2x2 + bdx cos™1(cx) + gbex3 cos~(cx)

Antiderivative was successfully verified.

[In] Integratel[(d + e*x"2)*(a + b¥ArcCos[c*x]),x]

[Out] axd*x + (a*exx~3)/3 - (bxd*Sqrt[1 - c™2*x72])/c + bxe*x(-2/(9%c”3) - x72/ (9%
c))*Sqrt[1 - c™2%xx72] + bxd*x*xArcCos[c*x] + (b*exx~3*ArcCos[c*x])/3

Maple [A] time = 0.005, size = 112, normalized size = 1.4

1{a [c3x3 b ({arccos (cx) c3x3e e c2x? 2
-= +dcdx |+ — (2 () + arccos (cx) d3x + = [-——V-c2x2 + 1 - SV-c2x2 + 1| - c2dV—c2:
c\cz\ 3 c? 3 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)*(atb*arccos(c*x)),x)

[Out] 1/cx(a/c™2%(1/3%c™3%x"3*e+d*c~3*x)+b/c~2%(1/3*arccos (c*x)*xc 3%x " 3xe+arccos(
cxx) *xd*xc " 3%x+1/3%ex (-1/3%c™2%xx" 2% (-¢c™2*%xx"2+1) " (1/2)-2/3% (-c"2*xx"2+1) "~ (1/2))
—c”2%d* (-c™2*%x"2+1) " (1/2)))

Maxima [A] time = 1.65647, size = 127, normalized size = 1.57

(cx arccos (cx) — V—c2x2 + 1)bd

be + adx +

c2

3

1 1
— aex® + 5 [3 x3 arccos (cx) — c[ -

V—c2x2 + 1x2 . 2V=c2x2 +1 J]
A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(at+b*arccos(c*x)),x, algorithm="maxima"

[Out] 1/3*a*xexx~3 + 1/9*%(3*%x"3*arccos(c*x) - c*(sqrt(-c™2*xx"2 + 1)*x72/c”2 + 2%*sq
rt(-c™2%x72 + 1)/c”4))*b*xe + axd*x + (c*x*arccos(c*x) - sqrt(-c™2*x"2 + 1))
*xbxd/c
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Fricas [A] time = 2.1665, size = 186, normalized size = 2.3

3acdex® + 9acddx + 3 (bc3ex3 +3 bc3dx) arccos (cx) — (bczex2 +9bc%d +2 be) —2x2 41
9¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/9%(3*a*c ™ 3*exx"3 + 9xaxc 3xd*x + 3*(b*xc ™ 3*e*xx~3 + 3*xb*c~3*d*xx)*arccos (c*x
) = (bxc™2%exx"2 + O%bxc~2xd + 2xb*e)*sqrt(-c”2*x72 + 1))/c”3

Sympy [A] time = 0.678229, size = 114, normalized size = 1.41

bexdacos(cx)  bdV-c2x?+1  bex®V-c2x2+1  2beV—-c?x2+1

- ” 7 forc#0

3
(a + %b) (dx + %) otherwise

uex3
adx + - bdx acos (cx) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(atb*acos(c*x)),x)

[Out] Piecewise((a*d*x + a*e*x**3/3 + b*d*x*acos(c*x) + bxexx**3*xacos(c*x)/3 - b*
dxsqrt (—ck*2*xx*x*2 + 1)/c — bkexx**x2*ksqrt (-cx*2xx**2 + 1)/(9%c) - 2xb*exsqrt
(—cxk2xx*xx2 + 1) /(9%c*x3), Ne(c, 0)), ((a + pixb/2)*(d*x + e*xxx*3/3), True)

)

Giac [A] time = 1.16234, size = 128, normalized size = 1.58

V—c2x2 + 1bx?e
- +
9c

V=c2x2 +1bd 2 V—-c?x2 + 1be
c

d
aax 9¢3

1 1
3 bx3 arccos (cx) e + 3 ax3e + bdx arccos (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/3%b*x~3*arccos(c*x)*e + 1/3*a*xx"3%e + bxd*x*arccos(c*x) - 1/9*sqrt(-c”2xx
T2 + 1)xb*x"2%e/c + axd*x - sqrt(-c”2*x"2 + 1)*b*d/c - 2/9*sqrt(-c”2*x"2 +
1) *bxe/c”3
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f (d+ex2)<a+b cos_l(cx)) q

X

3.20

Optimal. Leaf size=132

X

1 R 1 bexV1 —c2x2  besin ™ (cx)
H 2isin” " (cx -1 2 -1

EldeolyLog (Z,e ( ))+d log(x) (a+bcos (cx))+zex (a+bcos (cx))— " M
[Out] -(b*exx*Sqrt[l - c™2*x72])/(4*c) + (exx"2x(a + bxArcCos[c*x]))/2 + (b*exArc

Sin[c*x])/(4*c™2) + (I/2)*bxd*ArcSin[c*x]~2 - bxd*ArcSin[c*x]*Log[l - E~((2

xI)*xArcSin[c*x])] + d*(a + b*ArcCos[c*x])*Log[x] + bxd*ArcSin[c*x]*Logl[x] +
(I/2)*b*d*PolyLog[2, E~((2*I)*ArcSin[c*x])]

Rubi [A] time = 0.239003, antiderivative size = 132, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 12, integrand size = 19, e o e
integrand size

= 0.632, Rules used = {14, 4732, 12, 6742, 321, 216, 2326, 4625, 3717, 2190, 2279, 2391}

bexV1 — ¢2x2 N besin™}(cx)

1 -1 1
. 2isin ~(cx -1 2 -1
EldeolyLog (Z,e ( )) +dlog(x) (ﬂ +bcos (cx)) +5ex (‘1 +bcos (cx)) - 4c 4c?

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + bx*ArcCosl[c*x]))/x,x]

[Out] -(b*exx*Sqrt[1 - c”2*x72])/(4*xc) + (exx"2x(a + b¥ArcCos[c*x]))/2 + (b*exArc

Sin[c*x])/(4*c™2) + (I/2)*bxd*ArcSin[c*x]~2 - bxd*ArcSin[c*x]*Log[l - E~((2

xI)*xArcSin[c*x])] + d*(a + b*ArcCos[c*x])*Log[x] + bxd*ArcSin[c*x]*Logl[x] +
(I/2)*b*d*PolyLog[2, E~((2*I)*ArcSin[c*x])]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)I*x(b_.))*x((f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2x
x~2], x], %], x1]1 /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*%d + e, 0] &
& IntegerQlp] && (GtQ[p, O] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(cxx)"(m - n + D*(a + b*xx™n) " (p + 1))/ (b*(m + nxp + 1)), x] - Dist[

1
+ -
£

1
+ -
£
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(a*c™nx(m - n + 1))/(bx(m + n¥p + 1)), Int[(c*xx)"(m - n)*x(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 2326

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))/Sqrtl(d_) + (e_.)*(x_)"2], x_Symb
0ol] :> Simp[(ArcSin[(Rt[-e, 2]*x)/Sqrt[d]]*(a + bxLoglc*x"n]))/Rt[-e, 2], x
] - Dist[(b*n)/Rt[-e, 2], Int[ArcSin[(Rt[-e, 2]*x)/Sqrtl[d]l]/x, x], x] /; Fr
eeQ[{a, b, ¢, d, e, n}, x] && GtQ[d, 0] && NegQl[e]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E” (2xI*k*Pi)*E~ (2%xI* (e + f*xx)))/(1 + E~(2%Ixk*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
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ex? +2d log(x)
21 — c2x2

(
ex? (a +beos(cx)) +d (a + beos~ (cx)) log(x) + %(bc) f ex? +2d log(x)
(

) )

) ) o
) )

) )

f (d + exz) (a +b cos‘l(cx))

" ex?(a+bcos™H(cx)) +d (a + bcos™(cx)) log(x) + (bc) f

) 4 1 1 x? 2d 1
ex“(a+bcos™(cx)) +d (a + bcos™ (cx)) log(x) + 2(bc) f

N

lg()

I\JIH I\JI’—‘ I\JIH NI’—‘

ex? (a +bcos Hcx)) +d (a + bcos™(cx)) log(x) + (bed) f X + %(b

bexV1 —c2x2 1

= 4+ —ex? (a +b Cos‘l(cx)) +d (a +bcos! (cx)) log(x) + bd sin~*(c

4c 2
bexV1 - c22 1 b
- _ex4—ccx + Eex2 (a+bcos™(cx)) + %2@6) d (a + bcos™ (cx)) logt
bexV1 =22 1 b 1
= _% + Eex2 (a + bcos‘l(cx)) + %z(cx) + Eibd sin~H(cx)? + d (a -
bexV1-c22 1 besin™" 1
= —% + Eex2 (a +0b cos‘l(cx)) + es%z(cx) + Eibd sin~}(cx)? - bd si
bexV1-c22 1 besin ™" 1
I S (a +0b cos‘l(cx)) + besin_(cx) + ~ibd sin"(cx)? — bd si
4c 2 4¢2 2

bexV1 —c2x2 1

_ 2 -1
i — + Eex (a + bcos (cx)) +

be sin™* (cx)

1 . =1 2 .
12 + Ezbd sin” " (cx)= — bd si

Mathematica [A] time = 0.193091, size = 111, normalized size = 0.84

2icos—1(cx)) bexV1 — c2x2 N besin™}(cx)

1
1 —2ibdPolyLog (2, —e + 4ad log(x) + 2aex? — ; 2 + 2b cos™}(cx) (ex2 +2d log |

Warning: Unable to verify antiderivative.

[In] Integrate[((d + e*x"2)x(a + bxArcCosl[c*x]))/x,x]

[Out] (2xaxe*xx”2 - (b*exxxSqrt[l - c”2*x72])/c - (2*I)*b*d*ArcCos[c*x]~2 + (bkxexA
rcSinf[c*x])/c™2 + 2*b*xArcCos[cxx]*(exx™2 + 2*d*Log[1l + E~((2*I)*ArcCos [c*x]
)1) + 4xaxdxLog[x] - (2*I)*b*d*PolyLogl[2, -E~((2*I)*ArcCos[c*x])])/4

Maple [A] time = 0.144, size = 130, normalized size = 1.

ax?e \/T barccos (cx) x%e  barccos (cx) e
_C —

- + adIn (cx) - —b (arccos (cx))* d — — > i

+ bd arccos (cx) In (1 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)* (a+b*arccos(c*x))/x,x)

[Out] 1/2*a*xx”2*e+a*d*x1ln(c*x)-1/2*xI*xb*arccos(c*x) " 2*d-1/4*xbkxe*xx*x(—c™2*xx"2+1)"(1/2
)/c+1/2xb*xarccos (c*x) *x"2xe-1/4%xb/c " 2*%arccos (c*x) xe+b*xd*arccos (cxx) *1n(1+(c

*x+1x (—c™2%xx72+1) 7 (1/2))~2)-1/2*%Ixb*d*polylog(2,- (c*x+I*(-c™2*%x"2+1)~(1/2))

~2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f (bex2 + bd) arctan (ch +1vV-cx+1, cx)

X

dx

1
5 aex? + adlog (x) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x,x, algorithm="maxima"

[Out] 1/2*axe*x”2 + axd*log(x) + integrate((b*exx~2 + b*d)*arctan2(sqrt(cxx + 1)*

sqrt(-c*x + 1), c*x)/x, Xx)

Fricas [F] time = 0., size = 0, normalized size = 0.

aex? + ad + (bex2 + bd) arccos (cx)

X

, X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(a+b*arccos(c*x))/x,x, algorithm="fricas")

[Out] integral((axe*x”2 + axd + (b*e*xx~2 + b*d)*arccos(c*x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

X

X

f (a + bacos (cx)) (d + exz) ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x**2+d)*(atb*acos(c*x))/x,x)

[Out] Integral((a + bxacos(c*x))*(d + e*x**2)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex2 + d)(b al;ccos (cx) + a) N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x,x, algorithm="giac")

[Out] integrate((exx~2 + d)*(b*arccos(c*x) + a)/x, x)
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f (d+ex2)<a+b cos_l(cx)) q

x2

3.21

Optimal. Leaf size=66

X

d(a+bcos™(cx) bev — 222
- ( " ) +ex (a +b cos‘l(cx)) + bed tanh ™! ( 1- szz) - e—ccx

[Out] -((bxexSqrt[1l - c™2*x72])/c) - (d*(a + bxArcCos[c*x]))/x + exx*x(a + bxArcCo
s[c*xx]) + bkxcxd*ArcTanh[Sqrt[1 - c™2xx72]]

Rubi [A] time = 0.074847, antiderivative size = 66, normalized size of antiderivative =
19 number of rules
)

1., number of steps used = 5, number of rules used = 6, integrand size =

0.316, Rules used = {14, 4732, 446, 80, 63, 208}

integrand size

d (a +b cos‘l(cx))

X

V1 - c2x2

_ b
+ex (u +b cos‘l(cx)) + bed tanh ™! ( 1- c2x2) _x ;

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + bxArcCos[c*x]))/x"2,x]

[Out] -((b*e*xSqrt[l - c”2*x"2])/c) - (d*(a + bxArcCos[c*x]))/x + exx*(a + b*ArcCo
s[cxx]) + bkxcxd*ArcTanh[Sqrt[1 - c™2xx72]]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*x(v_ ) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*x(x_)I*(b_.))*((f_.)*(x_)) " (m_.)*x((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x~2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1l - c~2x
x~2], x], %], x1]1 /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*%d + e, 0] &
& IntegerQ[p] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*x_)" (@ )) " (p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)7q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 80

Int[(Ca_.) + (b_)*(x_))*x((c_.) + (d_)*xx_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + (e + £xx)"(p + 1))/(d*f*x(n + p
+ 2)), x] + Dist[(axd*fx(n + p + 2) - bkx(dkex(n + 1) + cxf*x(p + 1)))/(d*fx(
n+p+2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, xJ]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
d+ex?)(a+bcos™(cx d(a+bcos™(cx —d + ex?
f( )( ~ ( ))dx:— ( ( ))+ex(a+bcos_1(cx))+(bc)fidx
X x xV1 — ¢2x?
d(a+bcos™!(cx 1 -
=— ( ( )) + ex (a + bcos_l(cx)) + =(bc) Subst (f —drer dx, x, xz)
X 2 xV1 - c2x
V1-c2x2 d(a+bcos (cx 1 1
_ _be coxs ( ( )) +ex (a + bcos_l(CX)) — —(bcd) Subst (f
C X 2 x\/r

(bd) Subst [ [—dx

2 2

beVi— 2 d(a+DbeosT(cx))

= +ex (a +b cos‘l(cx)) +

c x c
V1-—c2x2 d(a+bcos (cx
= _be - L ( " ( )) +ex (a +b cos‘l(cx)) + bed tanh ™ (Vl - szz)

Mathematica [A] time = 0.0615048, size = 80, normalized size = 1.21

d beV1 - ¢2x? bd cos™
—% + aex + bed log (Vl —2x? + 1) - e—ccx — bed log(x) — %(cx) + bex cos™!(cx)

Antiderivative was successfully verified.

[In] Integrate[((d + exx"2)*(a + bxArcCos[c*x]))/x"2,x]

[Out] -((axd)/x) + axe*x - (b*exSqrt[l - c”2*x72])/c - (bxd*ArcCos[c*x])/x + b*ex
x*xArcCos[c*x] - b*ckdxLogl[x] + bkxcxd*Log[l + Sqrt[l - c™2xx"2]]

Maple [A] time = 0.007, size = 79, normalized size = 1.2

c2

d b d 1
c (ﬁ (ecx - —C) +— (arccos (cx) ecx — arccos (cx)ed eV—-c2x2 +1 + c*dArtanh (—)))
X c X —2x2 +1
Verification of antiderivative is not currently implemented for this CAS.
[In] int((e*x~2+d)*(a+b*arccos(c*x))/x"2,x%)

[Out] cx*(a/c 2% (excxx-c*xd/x)+b/c 2% (arccos (c*x)*exckx—arccos (c*xx)*cxd/x—e*x(-c~2*x
“2+1) " (1/2)+c"2*d*arctanh (1/(-c™2*xx"2+1) " (1/2))))
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Maxima [A] time = 1.50752, size = 109, normalized size = 1.65

2V-c2x2+1 2| arccos(cx) (cx arccos (cx) = V=2 + 1)be ad
clog| ——+ — |- ————— |bd + aex + -
x

|x] |x] ¢ X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="maxima")

[Out] (cxlog(2xsqrt(-c™2xx"2 + 1)/abs(x) + 2/abs(x)) - arccos(c*x)/x)*b*d + axexx
+ (cxx*arccos(c*x) - sqrt(-c™2*x"2 + 1))*bxe/c - axd/x

Fricas [B] time = 2.46413, size = 360, normalized size = 5.45

bc?dx log (\/—czx2 +1+ 1) - bc?dx log ( —2x2 +1 - 1) + 2 acex? — 2 V—c2x? + 1bex — 2 acd — 2 (bcd — bee)x arcta

2cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="fricas")

[Out] 1/2*(b*c™2*d*x*log(sqrt(-c™2*x"2 + 1) + 1) - b*c™2xd*x*xlog(sqrt(-c™2*x~2 +
1) = 1) + 2%akcxe*x”2 - 2xsqrt(-c”2*xx"2 + 1)*bkexx - 2%akxcxd - 2%(b*cxd - b
xcxe)*xxarctan(sqrt (-c72*x"2 + 1) xc*xx/(c™2%x72 - 1)) + 2x(b*c*exx™2 - b*cxd

+ (bxc*d - b*cxe)*x)*arccos(c*x))/(c*x)

Sympy [A] time = 4.0338, size = 78, normalized size = 1.18

1 1 X
ad —acosh (a) for W >1 bd acos (cx) > forc=0
—y teex=bediy U ez :
fasin | — otherwise x acos (cx) — - otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(atb*acos(c*x))/x**2,x)

[Out] -a*xd/x + a*e*xx - bkcxd*Piecewise((-acosh(1/(c*x)), 1/Abs(ck*2xx**2) > 1), (
I*asin(1/(c*x)), True)) - b*dxacos(c*x)/x + bxex*Piecewise((pi*x/2, Eq(c, 0)
), (x*acos(c*x) - sqrt(-cx*2*xx*2 + 1)/c, True))

Giac [B] time = 1.86946, size = 1170, normalized size = 17.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="giac")

[Out] -b*c™2*d*arccos(c*x)/(c - (c™2%x72 - 1)72*xc/(c*x + 1)74) + bxc~2*xd*log(abs(
ckx + sqrt(-c™2%x72 + 1) + 1))/(c - (c™2*%x72 - 1)72%c/(c*xx + 1)74) - b*c 2%
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dxlog(abs(-c*x + sqrt(-c™2*x72 + 1) - 1))/(c - (c™2*%x72 - 1)72%c/(c*x + 1)~
4) - axc”2xd/(c - (c72*x72 - 1)72*xc/(c*x + 1)74) + 2x(c™2*x™2 - 1)*b*xc™2*d*
arccos(c*x)/((cxx + 1)72x(c - (c72%x72 - 1)72*%c/(c*xx + 1)74)) + 2x(c™2%x™2
- D)*xa*xc”2xd/((cxx + 1)72x(c - (c™2*%x72 - 1)72*xc/(c*xx + 1)74)) - (c™2*%x"2 -
1) "2*xbxc~2xd*arccos (c*x) /((ckxx + 1)74*x(c - (c™2%x72 - 1)72*c/(c*x + 1)74))
+ b*xarccos(c*x)*e/(c - (c™2*x72 - 1)72%c/(cxx + 1)74) - (c™2*x72 - 1) " 2%b*
c"2xdxlog(abs(c*x + sqrt(-c™2xx72 + 1) + 1))/((c*x + 1)74x(c - (c™2*x72 - 1
)"2xc/(c*xx + 1)74)) + (c72%x72 - 1)72*b*c”2*d*xlog(abs(-c*x + sqrt(-c™2*x72
+ 1) - 1))/ ((cxx + 1)74%(c - (c72*%x72 - 1)72*xc/(cxx + 1)74)) - (c™2*x"2 - 1
)" 2xaxc”2+%d/ ((c*kx + 1)74*x(c - (c™2*%x72 - 1)72*c/(c*x + 1)74)) + axe/(c - (c
“2%x72 - 1)72*xc/(cxx + 1)74) + 2%(c”2*%x"2 - 1)*b*arccos(cxx)*e/((c*x + 1)72
x(c - (c72*x72 - 1)72*c/(c*x + 1)74)) - 2%sqrt(-c™2%x72 + 1)*b*xe/((c*x + 1)
*(c - (c72*%x72 - 1)72xc/(cxx + 1)74)) + 2*%(c™2*x”2 - 1)*axe/((c*x + 1)72*(c
- (c72*%x72 - 1)72xc/(c*xx + 1)74)) + (c™2*x72 - 1) 2xb*arccos(c*x)*e/((c*xx
+ 1)74x(c - (c72*xx72 - 1)72xc/(c*x + 1)74)) + 2%(-c™2*xx"2 + 1)~ (3/2)*bxe/ ((
cxx + 1)73x(c - (c™2%x72 - 1)72%c/(cxx + 1)74)) + (c™2%x72 - 1) 2*axe/((c*x
+ 1)74x(c - (c™2%xx72 - 1)72*xc/(c*xx + 1)74))
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f (d+ex2)<a+b cos_l(cx)) q

x3

3.22

Optimal. Leaf size=119

X

d (a +b cos‘l(cx))
2x2

bedV1 —c2x2 1,
2x

1 .
EibePolyLog (2, e?isin 1(”‘)) - + elog(x) (a +b cos‘l(cx)) +

[Out] (b*c*d*Sqrt[l - c™2*x72])/(2*x) - (d*(a + b*ArcCos[c*x]))/(2%x~2) + (I/2)*Db
xe*xArcSin[c*x] "2 - bxexArcSin[c*x]*Log[l - E~((2*I)*ArcSin[c*x])] + ex(a +
b*ArcCos [c*x])*Log[x] + bxexArcSin[c*x]*Log[x] + (I/2)*b*exPolyLog[2, E~((2
*I)*xArcSin[c*x])]

Rubi [A] time = 0.220723, antiderivative size = 119, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 19, il
integrand size

= 0.526, Rules used = {14, 4732, 6742, 264, 2326, 4625, 3717, 2190, 2279, 2391}

bedV1 —c2x2 1,
2x

d (a +b cos‘l(cx))

o + elog(x) (a +b cos‘l(cx)) +

1 T
EibePolyLog (2/ p2isin 1(cx)) —_

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + bx*ArcCosl[c*x]))/x"3,x]

[Out] (bxcxd*Sqrt[l - c™2xx72])/(2*x) - (d*(a + bxArcCos[c*x]))/(2*x"2) + (I/2)*b
xexArcSin[c*xx] "2 - bxexArcSin[c*x]*Logl[l - E7((2*I)*ArcSin[c*x])] + ex(a +
b*ArcCos [c*x])*Log[x] + bxexArcSin[c*x]*Log[x] + (I/2)*b*exPolyLog[2, E~((2
*I)*ArcSin[c*x])]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !MatchQ[u, (a_)
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x"2)7p, x]}, Dist
[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c™2x
x~2], x], x], x1] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQlp] && (GtQ[p, O] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 264

Int[(Cc_)*(x_)) " (m_.)*((a_) + (b_.)*x(x_)"(mn_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) " (p + 1))/(a*cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 2326

+ Ezbe sin~}(cx)? — be

+ Ezbe sin~(cx)? — be
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Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symb
0ol] :> Simp[(ArcSin[(Rt[-e, 2]*x)/Sqrt[d]]*(a + bxLoglc*x"n]))/Rt[-e, 2], x
1 - Dist[(b*n)/Rt[-e, 2], Int[ArcSin[(Rt[-e, 2]*x)/Sqrtl[d]]l/x, x]1, x] /; Fr
eeQ[{a, b, ¢, d, e, n}, x] && GtQ[d, 0] && NegQl[e]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, 0]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (24 Ixk*Pi)*E~(2+%Ix (e + fxx)))/(1 + E~(2*%Ixk*Pi)*E~(2%Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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d

d 2 b cos—1 d bcos™! -— |
f (1+e2) (a; cos1(e) dx = — (o ZC;ZS (@) +e(a +bcos™(cx)) log(x) + (bc) f —2x2,—1+_eczoxg2(x) X
d (a +b Cos‘l(cx)) B d el
= - 2 +e (LZ + bcos 1(CX)) lOg(X) + (bC) f(—m + W
d(a+ bcos™(cx) 1 1
= _ ( 7 ) te (u +bcos! (cx)) log(x) — E(bcd) f m dx + (1

bedV1 —c2x2  d (a +b cos‘l(cx))

+e (a +b cos‘l(cx)) log(x) + be sin " (cx) log

2x 2x2
bedV1 — 22 d (a +b cos‘l(cx)) B 4
= > - 72 +e (a + b cos (cx)) log(x) + be sin™ (cx) log
bedV1 — c2x2  d(a+bcos7Hex)) 1
_ X ( ( )) + =ibesin (cx)2 + e (a +b cos‘l(cx)) log(x)
2x 2x2 2
bedV1 — 22 d(a+bcos™Hex)) 1 .
_ o ( ) + =ibesin " (cx)? — besin*(cx) log (1 — %t
2x 2x? 2
bedV1 — 22 d(a+bcos ex 1 -
= o ( 5 ( )) + =ibesin~!(cx)? — besin™! (cx) log (1 — g%t
2x 2x 2
bedV1 — 22 d(a+bcos™Hex)) 1 N
_ - o ( o ( )) + Eibe sin~*(cx)? — besin” ! (cx) log (1 — g?ist

Mathematica [A] time = 0.153997, size = 105, normalized size = 0.88

ibex?PolyLog (2, —e% COS_l(Cx)) + ad — 2aex? log(x) — bedx V1 — c2x2 + b cos™(cx) (d — 2ex? log (1 + eZiCOS_l(C"))) +

2x2

Warning: Unable to verify antiderivative.

[In] Integrate[((d + e*x"2)x(a + bxArcCosl[c*x]))/x"3,x]

[Out] -(a*d - b*cxd*x*xSqrt[l - c”2*x"2] + Ixb*exx~2%ArcCos[c*x]~2 + bxArcCos[c*xx]
x(d - 2xexx"2xLog[1l + E~((2xI)*ArcCos[c*x])]) - 2%a*xexx~2*xLog[x] + I*bkxexx”
2xPolyLog[2, -E~((2*I)*ArcCos[c*x])])/(2*xx~2)

Maple [A] time = 0.313, size = 127, normalized size = 1.1

ad
2 x?

barccos (cx)d

' ] bed
+ aeln (cx) — éb (arccos (cx))2 e+ %czbd + 2Lx\/—c2x2 +1- e

+ be arccos (cx) In (1 + (cx +iV

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~2+d)*(a+b*arccos(c*x))/x~3,x)

[Out] -1/2*axd/x"2+axexln(c*x)-1/2*Ixb*xarccos(c*x) " 2%e+1/2xI*c”~2xbxd+1/2*xbxcxd* (-
c™2%x"2+1) " (1/2) /x-1/2%b*arccos (c*x) *d/x"2+b*e*xarccos (c*x) *1n(1+ (c*xx+I*x(-c~
2xx72+1)7(1/2))"2)-1/2*I*xb*e*polylog(2,-(ckx+I*(-c™2%x"2+1)~(1/2))"2)

Maxima [F] time = 0., size = 0, normalized size = 0.

\/_szz +1c arccos (Cx)] b f arctan ( VCx + 1 V—CX + 1, Cx) ad
- e

1
Ebd dx + aelog (x) - —

X X2 X 2 x?
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"3,x, algorithm="maxima"

[Out] 1/2*b*d*(sqrt(-c”2*x"2 + 1)*c/x - arccos(c*x)/x"2) + b*exintegrate(arctan2(
sqrt(c*x + 1)*sqrt(-c*xx + 1), c*x)/x, x) + akxexlog(x) - 1/2%a*xd/x"2

Fricas [F] time = 0., size = 0, normalized size = 0.

aex® + ad + (bex2 + bd) arccos (cx)

x
X3 ’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"3,x, algorithm="fricas")

[Out] integral((axe*x”2 + axd + (b*e*x”2 + bxd)*arccos(c*x))/x"3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

X

x3

f (a + bacos (cx)) (d + exz) ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(atb*acos(c*x))/x**3,x)

[Out] Integral((a + b*xacos(c*x))*(d + e*x**2)/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(ex2 + d)(b arccos (cx) + a)
f x3 ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(a+b*arccos(c*x))/x"3,x, algorithm="giac")

[Out] integrate((exx~2 + d)*(bxarccos(c*x) + a)/x"3, x)
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f (d+ex2)<a+b cos_l(cx)) q

x4

3.23

Optimal. Leaf size=85

X

1 -1
4 (a+ beos™(ev)) ¢ (a+beos () e (c2d + 6e) tanh ™" ( 1- szz)
3x3 X 6

N bedV1 — c2x2

6x2

[Out] (b*cxd*Sqrt[1 - c™2xx72])/(6*x72) - (d*(a + b*ArcCos[c*x]))/(3*x"3) - (ex(a
+ b*ArcCos[c*x]))/x + (bxc*(c™2xd + 6%e)*ArcTanh[Sqrt[l - c™2*x~2]])/6

Rubi [A] time = 0.0909705, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 7, integrand size = 19, e

0.368, Rules used = {14, 4732, 12, 446, 78, 63, 208}

integrand size

6

3x3 X 6x2

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + bxArcCos[c*x]))/x"4,x]

[Out] (b*cxd*Sqrt[l - c™2xx72])/(6*%x72) - (d*(a + b*ArcCos[c*x]))/(3*xx"3) - (ex(a
+ b*ArcCos[c*x]))/x + (bxcx(c™2*d + 6%e)*ArcTanh[Sqrt[1 - c2%x72]])/6

Rule 14

Int[(u )*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*x(x_)I*(b_.))*((f_.)*(x_))"(m_.)*x((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x"2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2x
x~2], x1, x1, x]11 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQ[p] && (GtQ[p, 01 || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*(x_)" (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~°q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*x(e + f*x)"(p + 1))/(
fx(p + 1)*(c*xf - d*xe)), x] - Dist[(a*xd*fx(n + p + 2) - bx(dxex(n + 1) + cxf
*(p + 1))/ (Ex(p + D)*(cxf - dxe)), Int[(c + d*x) n*x(e + fxx)"(p + 1), x],
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x] /; FreeQ[{a, b, c, d, e, f, n}, x] & LtQ[p, -1] && ( !'LtQ[n, -1] || Int
egerQ[p] || !'(IntegerQ[n] || !(EqQle, 0] |l !'(EqQlc, 0] || LtQlp, nl))))

Rule 63

Int[((a_.) + (b_)*(x D))" (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2 -1 -1 -1
f (d +ex ) (a + bcos (cx)) p d (a + b cos (cx)) K (a +0b C;)S (cx)) . (b0 f : —d — 3ex?

d (a +b cos‘l(cx)) e (a +bcos™ (cx)) 1 —d = 3ex?
_ _ + (ko) f AT
3x3 x 3 Y3V — 252
d(a+bcos™(cx)) e(a+bcos(cx)) 1 _d_
= — ( ( )) - ( ( )) + —(bc) Subst _dzdex dx, x, x?
3x3 X 6 x2V1 - c2x
bedV1 — 2x2  d(a+bcos™(cx)) e(a+bcos™(cx 1
= o ( ( )) - ( ( )) -— (bc (czd + 63)) Subst
6x2 3x3 x 12

b(c?d Subs
bedVI - 22 d(a+DbceosTM(cx)) e(a+bcosT(cx)) (b(cd + 6e)) Subst (f
= o - 3 - . + -
_ bedV1-c2x2 d (a +b cos‘l(cx)) e (a +0b cos‘l(cx)) 1

_ L 2 -1,
o2 3 " + 6bc (c d+ 6e) tanh (

Mathematica [A] time = 0.0612279, size = 130, normalized size = 1.53

d bedVi-c22 1 1 N bd cos™
_% _ % P = . gbc3dlog (m+ 1) —~ gbc3dlog(x) + bcelog( 1—c2x2 + 1) —~ %(cx) — bee

Antiderivative was successfully verified.

[In] Integrate[((d + e*x"2)x(a + bxArcCosl[c*x]))/x"4,x]

[Out] -(a*xd)/(3*x73) - (a*xe)/x + (b*cxd*Sqrt[l - c™2*x72])/(6*x"2) - (b*d*ArcCos[
c*x])/(3*%x73) - (b*exArcCos[c*x])/x - (b*c™3*d*Log[x])/6 - b*ckexLogl[x] + (
b*xc~3*d*Log[1 + Sqrt[l - c™2*x"2]])/6 + bxckexLogl[l + Sqrtl[l - c™2*x72]]

Maple [A] time = 0.009, size = 119, normalized size = 1.4

3 af e d N E _arccos (cx)e _ arccos (cx)d ~ cz_d 1 Narw e lArtanh 1 oA
2\ cx 3cx3) ¢ cx 3cxd 3\ 2¢2x? 2 Vec2x2 +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((exx~2+d)*(a+b*arccos(c*x))/x"4,x)

[Out] c"3*x(a/c”2x(-e/c/x-1/3/cxd/x"3)+b/c " 2*x(—arccos(c*x)*e/c/x-1/3*arccos(c*x)/c
*d/x"3-1/3%c™2%d*x (-1/2/c”2/x" 2% (-c”2*x"2+1) ~(1/2)-1/2%arctanh(1/(-c~2*xx"2+1
)~ (1/2)))+exarctanh(1/(-c™2*%x"2+1)"(1/2))))

Maxima [A] time = 1.49256, size = 161, normalized size = 1.89

1l , 2V-c2x2+1 2 V—c2x? +1 2 arccos (cx) 2V-c2x2+1 2| arccos(cx)
log| —— + + c— bd +|clog| ———— + - |be

x2 X3 X

6

|| |x] || |x]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"4,x, algorithm="maxima"

[Out] 1/6*((c"2xlog(2*sqrt(-c~2*x"2 + 1)/abs(x) + 2/abs(x)) + sqrt(-c™2*x"2 + 1)/
x"2)*c - 2%arccos(c*x)/x"3)*bxd + (c*log(2xsqrt(-c™2*x"2 + 1)/abs(x) + 2/ab
s(x)) - arccos(c*x)/x)*b*e - axe/x - 1/3*%a*xd/x"3

Fricas [B] time = 3.05402, size = 394, normalized size = 4.64

c2x2-1

4 (bd + 3 be)x® arctan (ﬂ) - (bc3d +6 bce)x3 log (V—02x2 +1+ 1) + (bc3d +6 bce)x3 log( —2x2+1-1

1243
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"4,x, algorithm="fricas")

[Out] -1/12x(4*(b*d + 3*b*e)*x"3*arctan(sqrt(-c™2*x"2 + 1)*c*x/(c™2*xx"2 - 1)) - (
b*xc”~3*d + 6xb*ckxe)*x"3xlog(sqrt(-c™2*x72 + 1) + 1) + (b*c™3*d + 6%bxcke)*x”
3xlog(sqrt(-c™2*x"2 + 1) - 1) - 2*sqrt(-c™2%x72 + 1)*b*c*d*x + 12*axe*x”2 +
4xaxd + 4*(3*bxexx”2 - (bxd + 3%b*e)*x~3 + b*d)*arccos(c*x))/x"3

Sympy [A] time = 5.50967, size = 172, normalized size = 2.02

f 1
2 acosh(l) N e S w
cxX ceXx
_ - for

2 2x |62x2|
bed|< .o . (1)
1C* asin a A
otherwise

ic i
2 B + 1 1
__1 3 [ L _ = =
ad ae 22z 212 acosh (cx) for |22 > pa
- 3 — bce - —

>1

3x3  x

.. 1 .
iasin 5) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(at+bxacos(c*xx))/x**4,x)

[Out] -axd/(3*x**3) - axe/x - bkxcxd*Piecewise((-c**2*acosh(1/(c*x))/2 - c*xsqrt(-1
+ 1/ (cxx2xx*%2) )/ (2%x), 1/Abs(c**2xx**x2) > 1), (Ixc**2*xasin(1/(c*x))/2 - 1
xc/(2*xxxsqrt (1 - 1/(ck*2xxx*x2))) + I/(2xckx*x*3xsqrt(l - 1/(cx*2xx*x%x2))), Tr
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ue))/3 - bxcxexPiecewise((-acosh(1/(c*x)), 1/Abs(c**2*x**2) > 1), (I*asin(1
/(c*x)), True)) - bxd*acos(c*x)/(3*x**3) - bxexacos(c*x)/x

Giac [B] time = 13.8413, size = 4182, normalized size = 49.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"4,x, algorithm="giac")

[Out] -1/3%b*c~3*d*arccos(c*x)/(3*(c™2*xx"2 - 1)/(cxx + 1)72 + 3*(c™2*x"2 - 1)72/(
ckx + 1)74 + (c72*%x72 - 1)73/(c*x + 1)76 + 1) + 1/6%b*c”3*d*xlog(abs(c*x + s
qrt(-c™2*x72 + 1) + 1))/ (3*%(c™2*%x"2 - 1)/(c*x + 1)72 + 3*(c™2*%x"2 - 1)72/(c
*x + 1)74 + (c72%x72 - 1)73/(cxx + 1)76 + 1) - 1/6%b*c”~3xd*log(abs(-c*x + s
qrt(-c”2*x"2 + 1) - 1))/(3*(c”™2*x"2 - 1)/(c*xx + 1)72 + 3*x(c™2*x"2 - 1)72/(c
*x + 1)74 + (c72*x72 - 1)73/(c*x + 1)76 + 1) - 1/3*axc”3*d/(3*x(c”2*x"2 - 1)
/(cxx + 1)72 + 3% (c™2*%x72 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*xx + 1)76
+ 1) + (c72%x72 - 1)*b*c~3*d*arccos(c*x)/((c*x + 1)72x(3*(c™2*x72 - 1)/(c*x
+ 1)72 + 3%(c™2*%x72 - 1)72/(cxx + 1)74 + (c™2%x"2 - 1)73/(c*x + 1)76 + 1))
+ 1/2%(c72%x72 - 1)*bxc~3*dxlog(abs(c*x + sqrt(-c™2*x"2 + 1) + 1))/((c*xx +
1)72%(3x(c™2*%x72 = 1) /(c*x + 1)72 + 3*%(c™2*xx72 - 1)72/(c*x + 1)74 + (c™2*x
"2 - 1)73/(cxx + 1)76 + 1)) - 1/2%(c™2%x72 - 1)*bxc”3*d*log(abs(-c*x + sqrt
(mc72*%x72 + 1) - 1))/ ((c*xx + 1)72%(3*(c™2*%x"2 - 1)/(c*x + 1)72 + 3*x(c™2*x"2
- 1)72/(c*x + 1)74 + (c72*%x72 - 1)73/(c*x + 1)76 + 1)) + 1/3*sqrt(-c”2*x"2
+ 1)*bxc”3*d/ ((c*xx + 1)*(3*%(c™2*xx"2 - 1)/(cxx + 1)72 + 3*(c™2*%x"2 - 1)72/(
cxx + 1)74 + (c72%x72 - 1)73/(c*xx + 1)76 + 1)) + (c™2%x72 - 1)*a*xc”3xd/((c*
X + 1)72%x(3x(c™2%x72 - 1)/(c*kx + 1)72 + 3%x(c™2%x"2 - 1)72/(c*x + 1)74 + (c~
2xx72 - 1)73/(cxx + 1)76 + 1)) - (c™2*x72 - 1) 2xb*xc”3*d*arccos(c*x)/((c*xx
+ 1)74x(3*(c™2*xx72 - 1)/(c*x + 1)72 + 3*(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2%
x"2 - 1)73/(c*x + 1)76 + 1)) - bxc*arccos(cxx)*e/(3%(c™2*%x"2 - 1)/(c*x + 1)
"2 + 3%(cT2%x72 - 1)72/(cxx + 1)74 + (c72%x72 - 1)73/(c*kx + 1)76 + 1) + 1/2
*(c72xx72 - 1) 2%b*c”3xd*log(abs(cxx + sqrt(-c™2*x"2 + 1) + 1))/((c*x + 1)~
Ax(3x(c™2xx72 - 1)/(c*x + 1)72 + 3*(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2*x"2 -
1)73/(c*x + 1)76 + 1)) + b*cxexlog(abs(c*x + sqrt(-c™2*xx"2 + 1) + 1))/ (3*(
cT2xx72 - 1)/(c*x + 1)72 + 3*(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2*%x"2 - 1)73/
(cxx + 1)76 + 1) - 1/2%(c™2*%x"2 - 1) 2%b*xc~3*d*log(abs(-c*x + sqrt(-c™2*x"2
+ 1) - 1))/ ((c*x + 1)74*x(3*%(c™2*x"2 - 1)/(c*xx + 1)72 + 3*(c™2*%x"2 - 1)72/(
cxx + 1)74 + (c™2*x72 - 1)73/(c*xx + 1)76 + 1)) - bxc*exlog(abs(-c*x + sqrt(
-cT2%x72 + 1) - 1))/(3%(c”2xx"2 - 1)/(c*xx + 1)72 + 3x(c™2*%x"2 - 1)72/(cxx +
1)74 + (c72%x72 - 1)73/(c*x + 1)76 + 1) - (c™2*x72 - 1) 2%a*xc”3*d/((c*xx +
1)74%(3x(c™2*x72 - 1)/(cxx + 1)72 + 3*(c™2%x72 - 1)72/(cxx + 1)74 + (c™2*x”
2 - 1)73/(ckxx + 1)76 + 1)) + 1/3%(c™2%x"2 - 1) " 3*b*c~3*d*arccos (c*x)/((c*x
+ 1)76x(3*(c™2*%x72 - 1)/(c*x + 1)72 + 3*x(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2%
x"2 - 1)73/(cxx + 1)76 + 1)) - axcxe/(3*x(c™2*xx™2 - 1)/(c*x + 1)72 + 3x(c™2x%
Xx"2 - 1)72/(c*xx + 1)74 + (¢c72*%x72 - 1)73/(cxx + 1)76 + 1) - (c™2*x"2 - 1)*Db
*ckxarccos(ckx)*e/((cxx + 1)72%(3*%(c™2%x"2 - 1)/(c*xx + 1)72 + 3x(c™2%x"2 - 1
)72/(c*x + 1)74 + (c72*xx72 - 1)73/(cxx + 1)76 + 1)) + 1/6%(c”2*x”2 - 1)73*b
xc~3*d*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1))/((cxx + 1)76%(3*x(c™2*x"2 - 1)
/(cxx + 1)72 + 3% (c™2*%x72 - 1)72/(c*x + 1)74 + (c™2*x72 - 1)73/(c*x + 1)76
+ 1)) + 3*%(c7™2%x72 - 1)*b*cxexlog(abs(c*x + sqrt(-c™2*xx"2 + 1) + 1))/ ((c*x
+ 1)72x (3% (c72%x72 - 1)/(c*x + 1)72 + 3% (c™2*x™2 - 1)72/(c*x + 1)74 + (c™2%
x72 - 1)73/(c*xx + 1)76 + 1)) - 1/6%(c”2*x"2 - 1) 3xb*c”3*d*log(abs(-c*x + s
qrt(-c™2xx"2 + 1) - 1))/((cxx + 1)76%(3*%(c”™2*x"2 - 1)/(c*x + 1)72 + 3*(c™2%
x"2 - 1)72/(cxx + 1)74 + (c™2%x"2 - 1)73/(cxx + 1)76 + 1)) - 3*x(c™2*%x"2 - 1
)*¥bxckxexlog(abs(-c*x + sqrt(-c™2*xx"2 + 1) - 1))/((c*x + 1)72%(3*%(c™2*x"2 -
1)/(cxx + 1)72 + 3%(c™2*%x72 - 1)72/(c*x + 1)74 + (¢c™2*%x72 - 1)73/(c*x + 1)~
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6 + 1)) - 1/3*%(c™2*x72 - 1)72*sqrt(-c™2*x72 + 1)*b*xc™3*d/((c*x + 1)75*x(3*(c
“2%x72 - 1)/(cxx + 1)72 + 3x(c™2*%x"2 - 1)72/(c*xx + 1)74 + (c™2*x"2 - 1)73/(
cxx + 1)76 + 1)) + 1/3*(c™2*x72 - 1) 7 3*a*xc”3*d/((c*x + 1)76*(3*x(c™2*%x"2 - 1
)/ (cxx + 1)72 + 3*%(c™2*xx"2 - 1)72/(cxx + 1)74 + (c™2*%x72 - 1)73/(c*x + 1)76
+ 1)) - (c72*%x72 - 1)*a*c*xe/((cxx + 1)72x(3*(c™2*%x"2 - 1)/(c*x + 1)72 + 3%
(c™2%x72 = 1)72/(c*x + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1)) + (c™2%x"2
- 1) "2%b*cxarccos(c*x)*e/((c*x + 1)74%(3%(c™2*x"2 - 1)/(c*xx + 1)72 + 3%(c™2
*x72 - 1)72/(cxx + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1)) + 3x(c™2%x"2 -
1) "2*b*xcxe*xlog(abs(c*x + sqrt(-c™2*x72 + 1) + 1))/((c*x + 1)74*%(3*x(c™2*x"2
- 1)/(c*kx + 1)72 + 3*%(c™2*%x"2 - 1)72/(c*x + 1)74 + (c™2%x72 - 1)73/(c*x + 1
)76 + 1)) - 3%(c”2%x72 - 1) 2xbxckexlog(abs(-c*x + sqrt(-c™2%x"2 + 1) - 1))
/((c*xx + 1)74*%(3x(c™2*xx72 - 1)/(c*x + 1)72 + 3*(c™2%x72 - 1)72/(c*x + 1)74
+ (c72%x72 = 1)73/(c*x + 1)76 + 1)) + (c™2*x72 - 1) 2%axcxe/((c*kx + 1)74*(3
*(c72%x72 - 1)/(cxx + 1)72 + 3%(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2%x72 - 1)~
3/(ckxx + 1)76 + 1)) + (c™2%x"2 - 1) 3*b*c*arccos(c*x)*e/((c*x + 1)76x(3*(c”
2xx72 = 1)/(cxx + 1)72 + 3%(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c
*x + 1)76 + 1)) + (c72%x72 - 1) 3xb*c*xexlog(abs(c*x + sqrt(-c™2*x"2 + 1) +
1))/ ((cxx + 1)76%(3%(c™2*%x72 - 1)/(cxx + 1)72 + 3*(c™2*%x"2 - 1)72/(c*x + 1)
"4+ (c72%x72 - 1)73/(cxx + 1)76 + 1)) - (c72%x72 - 1) 3xb*ckexlog(abs(-c*xx
+ sqrt(-c™2*xx72 + 1) - 1))/((c*xx + 1)76*%(3*%(c™2xx"2 - 1)/(c*x + 1)72 + 3x*(
cT2x%x72 - 1)72/(ckx + 1)74 + (c72*%x72 - 1)73/(c*x + 1)76 + 1)) + (c™2%x"2 -
1) "3*xaxcxe/((c*xx + 1)76*%(3*(c™2*x"2 — 1)/(cxx + 1)72 + 3*(c™2*x"2 - 1)72/(
cxx + 1)74 + (c72*%x72 - 1)73/(c*xx + 1)76 + 1))
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3.24 f (c + dx2)2 cos ™ (ax) dx

Optimal. Leaf size=135

V1 — a2x2 (15114c2 +10a?cd + 3d2) 2d (1 - u2x2)3/2 (5a2c + Sd) d? (1 - a2x2)5/2
B 1545 " 4505 T

2
+ c?x cos™Hax) + gcdx3 cos ! (ax

[Out] -((15%a”4*c”2 + 10*a~2*xc*d + 3*xd"2)*Sqrt[l - a~2*x"2])/(15*%a~5) + (2*xd*(5*a
“2%c + 3kd)*(1 - a”2%x"2)7(3/2))/(45%a~5) - (d72*%(1 - a~2xx"2)"(5/2))/(25%a
~5) + c"2xx*ArcCos[a*x] + (2*cxd*x~3*ArcCos[a*x])/3 + (d~2*x"5*xArcCos[a*xx])

/5

Rubi [A] time = 0.127258, antiderivative size = 135, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, e .

0.357, Rules used = {194, 4666, 12, 1247, 698}

integrand size

V1 — a2x2 (15514c2 +10a%cd + 3d2) 2d (1 - a2x2)3/2 (5a20 + Sd) d? (1 - a2x2)5/2
B 1525 * 455 T 5

2
+ c?x cos™Hax) + écdx3 cos ! (ax

Antiderivative was successfully verified.

[In] Int[(c + d*x~2) 2*xArcCos[a*x],x]

[Out] -((15*a~4*c™2 + 10*a~2*cxd + 3*d~2)*Sqrt[1 - a~2*x~2])/(15*%a~5) + (2*d*(5*a
“2%c + 3kd)*x(1 - a”2%x"2)7(3/2))/(45%a~5) - (d72*%(1 - a~2*xx"2)"(5/2))/(25%a
“B5) + c"2xx*ArcCos[a*xx] + (2*cxd*x"3*ArcCos[a*x])/3 + (d"2*x"5*xArcCos[a*xx])

/5

Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + bx
x"n)"p, x]1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c™2*x~2], x], x], x]] /; FreeQ[
{a, b, c, d, e}, x] && NeQ[c™2xd + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1247

Int[(x )*((d) + (e_)*x(x )"2)"(q_)*x((a_) + (b_)*(x_)"2 + (c_)*x(x_)"4)(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx) gx(a + b*x + c*x~2)7p, x],
x, x72], x] /; FreeQl{a, b, ¢, d, e, p, qf, %]

Rule 698

Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_)*(x_) + (c_)*x(x_)"2)"(p_.), x_
Symbol] :> Int[ExpandIntegrand[(d + exx) m*(a + b*x + c*x"2)7p, x], x] /; F
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reeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + a
xe”2, 0] && NeQ[2*c*d - b*e, 0] && IntegerQ[p] && (GtQ[p, 0] || (EqQ[a, O]
&% IntegerQ[m]))

Rubi steps

2 2 1 X (1502 + 10cdx? + 3d2x4)
f (c + dxz) cos™(ax) dx = c?x cosH(ax) + gcdxs cos™!(ax) + gd2x5 cos™'(ax) +a f d>

15V1 — a2x?

15c +10cdx® + 3d%x 4)

2 1
= c®x cos ! (ax) + =cdx® cos ! (ax) + =d?x° cos ™ (ax) + —a f
3 5 V1= 222

15c + 10cdx + 3a
(f V1 - a2x
15a*c? +10a%cd
a*V1 - a2x
(15a +10a%cd + 3d2) m 2d (5a c+ 3d) ( -a x2)3/2 d? (1 —~ a2x2)5/2 ,
15a° 45a° 25a°

2 1 1
= c?x cos™!(ax) + gcdx3 cos™!(ax) + gd2x5 cos™!(ax) + 30" Subst

2 1 1
= c?x cos™ (ax) + gcdxg’ cos™(ax) + gd2x5 cos !(ax) + 357 Subst f

Mathematica [A] time = 0.115404, size = 99, normalized size = 0.73

dsz) V1 — a2x2 (a4 (225(:2 + 50cdx? + 9d2x4) + 4a?d (250 + dez) + 24d2)
5 | 22545

2
cos~!(ax) (czx + gcdx?’ +

Antiderivative was successfully verified.

[In] Integrate[(c + d*x~2) 2*ArcCos[a*x],x]

[Out] -(Sqrtl[l - a~™2*x72]*(24*d~2 + 4xa~2xd*(25xc + 3*d*x"2) + a~4%(225%c”2 + 50%
ckd*xx"2 + 9%d"2%x74)))/(225%a"5) + (c"2*x + (2*xc*d*x"3)/3 + (d"2*xx"5)/5)*Ar
cCos [a*x]

Maple [A] time = 0.022, size = 169, normalized size = 1.3

2.5 3 2,2/ 2.2
% a.arccos 5(ax)d X N 2aarccoz (ax) cdx + arccos (ax) Cax + 151a4 (3 P2 (_1 5 byt Nawwee 4a°x 15a X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+c) " 2*arccos(a*x),x)

[Out] 1/ax(1/5*a*arccos(a*x)*d”2*x"5+2/3*a*arccos (a*x)*cxd*x~3+arccos (a*x)*c™2*ax*
x+1/15/a"~4*x (3*d"2% (-1/5*%a"4*x"4x (-a~2*x"2+1) ~(1/2) -4/15*a”2*x" 2% (-a~2*x~2+1

)7 (1/2)-8/15%(~a"2*x"2+1) " (1/2) ) +10*a~2*c*d* (-1/3*a"2*x"2*x (-a~2*xx"2+1) ~(1/2
)-2/3%(—a”2%x"2+1) " (1/2) ) -15*%a”~4*xc™2x (—a~2*%x"2+1) ~(1/2)))

Maxima [A] time = 1.47587, size = 216, normalized size = 1.6

9V-a2x2 + 1d%x* 50 V—a2x2 + lcdx? . 225 V—a2x? +1c2 N 12 V=a2x2 + 1d%x2 N 100 V-a2x2 + 1cd N 2.

225 a2 a2 a2 at at
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) " 2*arccos(a*x),x, algorithm="maxima"

[Out] -1/225%(9*sqrt(-a”2*x"2 + 1)*d~2*x"4/a”2 + 50*sqrt(-a~2*x~2 + 1)*cxd*xx~2/a”
2 + 225xsqrt(-a”2*x"2 + 1)*c”2/a”2 + 12xsqrt(-a”2*x"2 + 1)*d"2xx"2/a"4 + 10
Oxsqrt(-a~2*x"2 + 1)*c*d/a"4 + 24xsqrt(-a”2*x"2 + 1)*d"2/a"6)*a + 1/15%(3*d
“2%x75 + 10%cxd*x~3 + 15%c”2*x)*arccos(axx)

Fricas [A] time = 2.40604, size = 247, normalized size = 1.83

15 (3 °d?x® +10acdx® + 15 a502x) arccos (ax) — (9 a*d?x* + 225 a*c? +100 a’cd + 2 (25 a*cd + 6 tzzzzlz)x2 +24 dz)\/:
22545

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 2*arccos(a*x),x, algorithm="fricas")

[Out] 1/225%(15%(3*%a”~5%xd"2*x"5 + 10*a”b*cxd*x~3 + 15%a”bxc”2xx)*arccos(a*xx) - (9%
a~4xd"2%x"4 + 2256%a”4xc”2 + 100%a”2kxckxd + 2% (25*%a"4xcxd + 6%a”2%d"2)*x"2 +

24%d~2)*sqrt(-a~2*x"2 + 1))/a”b

Sympy [A] time = 2.61294, size = 197, normalized size = 1.46
AV-a2x2+1  2cdx®V-a2x2+1 _ d?x4V-a2x2+1 _ dcdV-a2x2+1 _ 4d?x°V-a2x2+1 84

sz acos (ax) + 2cdx3acos (ax)  d2x° acos (ax)
3 5 a 9a 25a 9a3 75a3
2, 20 %
e+ =5 5

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x*x2+c)**2%acos(a*x),x)

[Out] Piecewise((c**2xx*acos(a*x) + 2xckd*x**3*acos(a*xx)/3 + dx*2*xx*x5*acos(a*x)/
5 - ck*2ksqrt (-ax*2*xx*x*2 + 1)/a - 2*ckxd*x*x*2ksqrt (-a*x*x2*x**2 + 1)/(9*a) - d
*2xxrkdxsqrt (—a*x*2*xx**2 + 1)/(25%a) - 4kxckdrsqrt (-a**x2xx*x*2 + 1)/ (9*a*x3)

- Akdxk2kxxk2ksqrt (—axx2kxx*k*2 + 1) /(75*a*x*3) - 8kxd*x*2*sqrt (-ax*2xx*x*2 + 1)/
(75%ax*5), Ne(a, 0)), (pi*(c**2%x + 2xcxd*x**3/3 + d*x2xxx*5/5)/2, True))

Giac [A] time = 1.14764, size = 216, normalized size = 1.6

V—a2x2 + 1d2%x* 2V-a2x2 +ledx® V-a2x2 +1c%> 4~

1 2
z d%x® arccos (ax) + 3 cdx® arccos (ax) — =7 + c2x arccos (ax) — r -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 2%arccos(a*x),x, algorithm="giac")

[Out] 1/5*%d~2*x"6*xarccos(a*x) + 2/3%cxd*x~3*arccos(a*x) - 1/2b*sqrt(-a”2*x"2 + 1)
xd"2*x"4/a + c”2xx*arccos(axx) - 2/9xsqrt(-a”2xx"2 + 1)*c*xd*x"2/a - sqrt(-a
T2%x72 + 1)*c”2/a - 4/75%sqrt(-a”2*x"2 + 1)*d"2*x"2/a”3 - 4/9xsqrt(-a"2xx"2

+ 1)*c*d/a"3 - 8/7b*sqrt(-a”2*x"2 + 1)*d~2/a"5
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2 3 -1
3.25 f (c + dx ) cos™ (ax) dx
Optimal. Leaf size=205

3/2 5/2
d (1 - azxz) / (35a402 + 42a%cd + 15d2) V1 — 242 (35a4czd + 35a°¢3 + 21a2cd? + 5d3) 342 (1 - a2x2) ! (71120 -
10547 - 3547 - 17547

[Out] -((35%a”6xc™3 + 3b*a~4*xc™2+d + 21*a”2*%cxd”2 + 5*d~3)*Sqrt[1 - a~2*x~2])/(35
*a”7) + (d*(35*%a”4*xc”2 + 42%a”2%c*xd + 156%d72)*(1 - a~2*xx"2)~(3/2))/(105*%a"7

) = (3*%d72x(7*a"2*%c + 5xd)*(1 - a~2*x"2)7(5/2))/(175%a~7) + (d"3*(1 - a~2%x
“2)7(7/2))/(49*%a"7) + c~3xxxArcCos[a*x] + c”™2*xd*x"3*ArcCos[axx] + (3*c*d™ 2%
x"5%ArcCos[a*x])/5 + (d"3*x"7*ArcCos[axx])/7

Rubi [A] time = 0.243708, antiderivative size = 205, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, /e e =

0.357, Rules used = {194, 4666, 12, 1799, 1850}

integrand size

d (1 - a2x2)3/2 (35a4c2 + 42a%cd + 15d2) V1 — a2x2 (35a4c2d +35a°¢3 + 21a%cd? + 5d3) 3d? (1 - a2x2)5/2 (7a2c -

10547 35a” 17547

Antiderivative was successfully verified.

[In] Int[(c + d*x~2) " 3*ArcCos[a*x],x]

[Out] -((35*%a~6xc™3 + 35*a~4*xc™2+d + 21*a”2*xcxd"2 + 5*d"3)*Sqrt[1 - a~2*x"2])/(35
*a”7) + (d*(35*%a”4*xc”2 + 42xa”2%c*xd + 156xd72)*(1 - a"2*xx"2)7(3/2))/(105*%a"7

) — (3*%d72+(7*a"2*c + 5xd)*(1 - a~2*x72)7(5/2))/(175%a"7) + (d73*x(1 - a~2#*x
~2)7(7/2))/(49%a"7) + c”3xxxArcCos[axx] + c 2xd*x"3xArcCos[a*x] + (3*cxd~2x
x~5xArcCos[a*x]) /5 + (d~3*x"7*xArcCos[a*x])/7

Rule 194

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + bx
x"n)7p, xJ, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c¢™2*x72], x], x], x]] /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, O] || ILtQ[p + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1799

Int[(Pq ) *(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Dist[1/2, Su
bst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x72], x] /;
FreeQ[{a, b, p}, x] && PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]

Rule 1850
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Int[(Pq )*((a_) + (b_.)*x(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*x(a + b*x™n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EqQ[n, 11)

Rubi steps

f x (35c3 + 35

3 3 1
f (c + dxz) cos Nax)dx = c3x cos™ (ax) + c2dx3 cos™ (ax) + gcd2x5 cos (ax) + §d3x7 cos N(ax) + a

3 1 1 35¢° +
= 3x cosI(ax) + c2dx® cos ! (ax) + gcd2x5 cos™(ax) + §d3x cos !(ax) + 357 f (—

3 1 3!
= 3x cos L (ax) + c?dx® cos ! (ax) + 5cd2x cos(ax) + 7d3x cos !(ax) + —a Subst( —

3 1
= 3x cos L(ax) + c?dx® cos ! (ax) + 5cd2x cos™(ax) + 7d3x cos ™ (ax) + —a Subst -

(35a6c3 + 35a%c2d + 21a%cd? + 5d3) Vi-a2x2 d (35a +42a%cd + 15512 - azx
= - +
35a7 10547

Mathematica [A] time = 0.160836, size = 149, normalized size = 0.73

d3x7) V1 — a2x2 (a6 (1225(:2dx2 +3675¢% + 441cd?’x* + 75d3x6) + 2a%d (1225(:2 +
7 ) 367547

3
cos~1(ax) (czde +3x + gcd2x5 +

Antiderivative was successfully verified.

[In] Integratel[(c + d*x~2) 3*ArcCos[a*x],x]

[Out] -(Sqrtl[l - a"2xx"2]*(240%d"3 + 24*a~2*d"2x(49*c + bxd*x~2) + 2*a”~4*xdx(1225%
C72 + 294*ckxdxx”2 + 45%d72xx74) + a"6*x(3675%c”3 + 1225%cT2xd*x"2 + 441*xcxd”
2*xx"4 + 75%d"3*x76)))/(3675%a"7) + (c"3*x + c 2xd*x”"3 + (3*cxd"2*x"5)/5 + (
d~3*x77) /7)*ArcCos [a*xx]

Maple [A] time = 0.007, size = 270, normalized size = 1.3

1 ( aarccos (ax) d®x” s 3 aarccos (ax) cd?x®

1
; 7 = + aarccos (ax) c2dx® + arccos (ax) c3ax + —— 35 76 (5 a3 ( 1/7 a®x®V-a2x2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+c) 3*arccos(a*x),x)

[Out] 1/ax(1/7*a*arccos(a*x)*d~3*x"7+3/5*a*arccos (a*x)*c*xd~2*x"5+a*arccos (a*xx)*c”
2xd*x~3+arccos (axx) *c~3*a*xx+1/35/a" 6% (5*d"3*% (-1/7*a~6*x" 6% (-a~2*x"2+1) ~(1/2
)—-6/35%xa"4xx"4x (—a"2xx"2+1) " (1/2)-8/35*%a"2*xx 2% (—a"2*x"2+1) " (1/2)-16/35*%(-a
T2xx72+1) T (1/2) ) +21*%a"2%cxd" 2% (—1/5%a~4xx"4* (~a"2xx"2+1) " (1/2)-4/15*%a"2%x"2
*(—a”2%x72+1) 7 (1/2)-8/15x (-a~2*x"2+1) ~(1/2) ) +35%a~4*xc~2*d* (-1/3*a"2*x"2x (-a
“2%xxT2+1) " (1/2)-2/3%(—a"2%x"2+1) " (1/2) ) -35*%a~6*c”3x (—a"2*xx"2+1) " (1/2)))
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Maxima [A] time = 1.46483, size = 360, normalized size = 1.76

1 (75 V—-a2x2 + 1d3x® . 441 V-a2x2 + 1ed?x* . 1225 V—a2x2 + 1c2dx? N 90 V—-a2x2 + 1d3x* N 3675 V—a?x2
2 2 1 2

3675 a2 a a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 3*arccos(a*x),x, algorithm="maxima")

[Out] -1/3675%(75xsqrt(-a~2*x"2 + 1)*d~3*x"6/a"2 + 441*xsqrt(-a”2*x"2 + 1)*c*d™2xx
T4/a”2 + 1226xsqrt(-a”2*xx"2 + 1)*cT2xd*x72/a”2 + 90*sqrt(-a”2*x"2 + 1)*d"3x
Xx"4/a"4 + 3675*sqrt(-a”2*x"2 + 1)*c”3/a”2 + 588xsqrt(-a”2*x"2 + 1)*c*xd~2*x”

2/a”4 + 2450*sqrt(-a”2*x"2 + 1)*c”2*d/a"4 + 120*sqrt(-a~2*x"2 + 1)*d~3*x"2/

a"6 + 1176xsqrt(-a”2*x"2 + 1)*c*d"2/a"6 + 240*sqrt(-a”2*x”2 + 1)*d~3/a"8)*a

+ 1/35%(5*%d"3%x77 + 21kc*kd™2%x"5 + 3b%cT2%d*xx"3 + 35%c”3%*x)*arccos (axx)

Fricas [A] time = 2.4291, size = 385, normalized size = 1.88

105 (5 a’d3x” + 21 a”cd?x® + 354’ c?dx® + 35 a7c3x) arccos (ax) — (75 a®d3x® + 3675 a®c® + 2450 a*c?d + 1176 a?cd?
3675 a’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) ~3*arccos(a*x),x, algorithm="fricas")

[Out] 1/3675%(105%(5*a~7xd~3%x~7 + 21*a”7*c*xd"2*x"5 + 35xa~7*c~2*d*x"3 + 35*a”7*c
~3*x)*arccos(a*x) - (75%a~6*d"3*x"6 + 3675*%a~6*xc”3 + 2450*a~4*c”2xd + 1176%
a~2%c*d”2 + 9% (49*%a”"6xcxd"2 + 10%a~4*d"3)*x"4 + 240*d"3 + (1225%a"6*c”2*d +
588*a~4xc*d"2 + 120%a”2xd"3)*x"2)*sqrt(-a”~2*xx"2 + 1))/a”7

Sympy [A] time = 8.37067, size = 326, normalized size = 1.59

3cd?xS acos(ax)  d3x7 acos(ax)  AV-a2x2+1  Rdx®V-a2x2+1  3cd?x*V-a2x2+1  d3x®V-a2:
5 7 a 3a 25a 49a

3

x acos (ax) + c2dx® acos (ax) +

3cd2:5 4347
(xrcacs 22 £

C

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+c)**3*acos(a*x),x)

[Out] Piecewise((c**3*x*acos(a*x) + c**2xdxx**3xacos(axx) + 3*ckd*x*2*x**5*acos (ax
x) /5 + d¥x*3kx*k*Txacos(a*xx) /7 — ckx*3*ksqrt(—a**x2xxx*2 + 1)/a — cx*2*xd*x**2*xsq
rt(—ax*2xx**2 + 1)/(3%a) - 3kckd**2kxxkdxsqrt (—a*x*2xx*x*x2 + 1)/(25*a) - d**3
*xxk*x6ksqrt (—axk2xx*k*2 + 1)/(49%a) - 2kc*x*2xd*ksqrt (-a*x*2*x*x*2 + 1)/(3*a**3)

— Axckdxk2xx*kx2xsqrt (axk2xx*k*2 + 1) /(25%a*x3) - 6xd*x3*kxk*k4*sqrt (—a*x*2*kx*k

2 + 1)/(245*a**3) - 8*ckd*x*2*sqrt (—a*x*2xx*x*2 + 1)/(25%a**5) - 8xd**3*x**2xs

grt (—ax*2*xx*xx2 + 1)/(245*%a*xx5) - 16*dx*3*xsqrt(—a*x*2*x**2 + 1)/(245*ax*7), N

e(a, 0)), (pix(c**3*x + c*k*2kd*x**3 + 3kckd*x*k2xx**5/5 + d*x*3xx*x7/7)/2, Tru

e))
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Giac [A] time = 1.18997, size = 365, normalized size = 1.78

V-a?x2 +1dx° 3V-a2x2 + led?x*
+ c“dx® arccos (ax) —

7 =2 + c3x arccos (ax)

1 3
- d%x” arccos (ax) + z cd?x® arccos (ax) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) " 3*arccos(a*x),x, algorithm="giac")

[Out] 1/7*d"3*x"7*xarccos(a*xx) + 3/b*cxd”~2*x"b*arccos(a*x) - 1/49*sqrt(-a~2*x"2 +
1)*d"3*%x"6/a + c"2xd*x"3*arccos(a*x) - 3/2b*sqrt(-a”2*x72 + 1)*cxd"2*xx"4/a

+ c”3*xxarccos(a*xx) - 1/3*sqrt(-a”2*x"2 + 1)*c~2*d*x"2/a - 6/245*sqrt(-a~2x

X72 + 1)*d"3*x74/a"3 - sqrt(-a”2*x"2 + 1)*c"3/a - 4/2b*sqrt(-a”2%x"2 + 1)*c
*xd"2*%x72/a”3 - 2/3%sqrt(-a”2*x"2 + 1)*c"2*d/a”3 - 8/24b*sqrt(-a”2%x”"2 + 1)x
d~3*x"2/a"5 - 8/2b5*%sqrt(-a”2*x"2 + 1)*xc*d"2/a”5 - 16/245*sqrt(-a”2*x"2 + 1)
xd~3/a"7
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2 4 1
3.26 f (c + dx ) cos™ (ax) dx
Optimal. Leaf size=292

5/2 3/2 -
2&@—%ﬁy(w¢&+%%m+%¥) M@—%%y(w%%%+wm%h4%%mhawﬂ V1 — a2x:
J— + —
52549 94549

[Out] -((315*%a~8*c™4 + 420%a~6*c~3*d + 378*a"4*xc™2*xd"2 + 180*a~2%c*d”3 + 35*d™4)*
Sqrt[1 - a™2*x72])/(316%a"9) + (4xd*(105%a~6*c~3 + 189*%a~4*c~2xd + 135%a~2x

cxd™2 + 35%d"3)*(1 - a”2xx72)7(3/2))/(945%a~9) - (2*d"2x(63*a"4*c”2 + 90*a”

2xcxd + 35%d72)*(1 - a”2xx72)7(5/2))/(525%a~9) + (4*xd~3*(9*a~2*xc + 7*d)*(1

- a”2xx"2)7(7/2))/(441%a"9) - (d74*x(1 - a~2%x"2)7(9/2))/(81*%a~9) + c 4dxx*Ar
cCos[a*x] + (4*c”3xd*x"3*ArcCosl[a*xx])/3 + (6xc™2*d"2*xx 5*xArcCos[a*x])/5 + (
dxcxd"3xx~7*ArcCos[a*xx]) /7 + (d"4*xx"9*ArcCos[a*x])/9

Rubi [A] time = 0.326099, antiderivative size = 292, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, e

integrand size
0.357, Rules used = {194, 4666, 12, 1799, 1850}

502 ) :
242 (1 - azxz) / (63a4c2 + 90a2cd + 35d2) 4d (1 - a2x2) ! (189a4c2d +105a°¢3 + 135a2¢d? + 35d3) V1 — a2x°
p— + p—
52549 9454°

Antiderivative was successfully verified.

[In] Int[(c + d*x"2) 4xArcCos[a*x],x]

[Out] -((315*%a"8*c~4 + 420%a~6*c~3*d + 378*a"4*c~2*xd"2 + 180%a~2*c*d"3 + 35*d"4)*
Sqrt[1 - a™2xx72])/(315%a"9) + (4*d*(105%a~6*c”3 + 189*a~4*c™2*d + 135*a”2x

cxd™2 + 35%d"3)*(1 - a”2xx72)7(3/2))/(945%a"9) - (2*d"2x(63*a"4*c”2 + 90*a”

2%c*xd + 35xd"2)*(1 - a™2xx72)7(5/2))/(525*%a"9) + (4*xd~3*(9*a~2*c + 7*d)*(1

- a™2xx72)7(7/2))/(441%a~9) - (d™4*x(1 - a~2%x"2)"(9/2))/(81%a~9) + c 4*x*Ar
cCos[a*xx] + (4xc”3xd*x"3*xArcCosl[a*xx])/3 + (6xc™2*d"2*xx 5*xArcCos[a*x])/5 + (
4xcxd”~3%x"7*ArcCos[a*xx])/7 + (d~4xx"~9%ArcCos[a*x])/9

Rule 194

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + bx
x"n)"p, x], x] /; FreeQ[{a, b}, x] & IGtQ[n, 0] && IGtQ[p, O]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - ¢™2*x~2], x], x], x]] /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 1799

Int[(Pq ) *(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Dist[1/2, Su
bst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x72], x] /;
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FreeQ[{a, b, p}, x] && PolyQ[Pq, x"2] && IntegerQ[(m - 1)/2]
Rule 1850
Int[(Pg )*((a_) + (b_.)*x(x_ )" (n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand

[Pg*x(a + b*x™n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 Il EqQ[n, 11)

Rubi steps

4 4 6 4 1
f (c + dxz) cos Nax) dx = c*x cos™(ax) + gcadx3 cos !(ax) + gc2d2x5 cos (ax) + ;cd3x7 cos ! (ax) + §d4x9 cos™ 1
4 -1 43,3 1 6 205 1 4 57 Lo 1
= c*x cos " (ax) + §C dx® cos™ (ax) + EC d“x> cos™ (ax) + ;cd x’ cos™(ax) + §d x” cos™H(c
4 -1 43,3 1 6 2p5 1 4 57 Lo 4
= c*xcos ' (ax) + §C dx® cos™ (ax) + EC d“x> cos™ (ax) + ;cd x’ cos™(ax) + §d x” cos™ (e
4 -1 43,3 1 6 205 1 4 57 Lo 1
= c*x cos ' (ax) + §C dx® cos™ (ax) + gc d“x> cos™ (ax) + ;cd x’ cos™(ax) + §d x” cos™H(c

(315a8c4 + 420a°¢3d + 378a*c2d? + 180a2cd® + 35d4) V1-a2x2 4d (105a6c3 +189a%¢
=- +
31549

Mathematica [A] time = 0.184607, size = 212, normalized size = 0.73

weﬁﬂ@%m&wfﬁ+gmmﬁﬁ+%

1
gﬁmmﬂmm@m&fﬁ+QW%£+&&M¢%M%M@M%%—

Antiderivative was successfully verified.

[In] Integrate[(c + d*x72) 4*ArcCos[a*x],x]

[Out] -(Sqrt[l - a™2xx"2]*(4480*d~4 + 320*%a~2*d"3*(81lxc + 7*d*x~2) + 48%a~4*d”~2x(
1323%¢c”2 + 270%c*d*x"2 + 35*d72*x"4) + 8*a~6%d*(11025%c™3 + 3969*c”2xd*x"2

+ 1215%c*d"2*%x"4 + 175%d"3*x76) + a~8%(99225%c”4 + 44100*c”3*d*x"2 + 23814x*
c72*d"2%x74 + 8100*c*d"3*x"6 + 1225%d"4*x78)))/(99225*%a"9) + (x*(315%c™4 +
420%c”3xd*x"2 + 378*c”2%d"2*x"4 + 180%c*d"3%x"6 + 35%d"4*x"8)*ArcCos[a*x])/

315

Maple [A] time = 0.004, size = 393, normalized size = 1.4

1 (aarccos (ax)d*x® 4aarccos (ax)cd®x”  6aarccos (ax)c?d?*x® 4 aarccos (ax) c3dx® . 1
- 5 + = + G + 3 + arccos (ax) c*ax + 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+c) 4*arccos(a*xx),x)

[Out] 1/a*x(1/9*a*arccos(a*x)*d”4*x~9+4/7*a*arccos (axx)*c*d~3*x~7+6/5*a*arccos (a*x
)*c"2%d"2%x"5+4/3*a*arccos (a*x) *c~3*xd*x~3+arccos (a*xx) *xc 4*a*xx+1/315/a"8* (35
*d"4* (-1/9%a"8xx"8* (—a"2xx72+1) " (1/2)-8/63*%a"6*x" 6% (-a~2*x"2+1) " (1/2)-16/10
bxa~4xx 4 (—a~2*x"2+1) " (1/2)-64/315%a"2*xx" 2% (—a"2*xx"2+1) ~(1/2)-128/315%(-a~
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2%x72+1) 7 (1/2))+180%a"2xc*xd"3* (-1/7*a”~6*x"6*x (—a~2*xx"2+1) ~(1/2)-6/35*a"4*xx"4
*(—a”2xx"2+1) " (1/2)-8/35%a"2xx" 2% (—a"2*xx"2+1) ~(1/2)-16/3bx (-a~2*xx"2+1) " (1/2
))+378%a~4*c™2%d" 2% (—1/5*%a”~4xx"4x (—a~2%x"2+1) " (1/2) -4/15*%a~2xx"2x (—a~2*%x "2+
1)7(1/2)-8/15%x(-a"2*xx"2+1) "~ (1/2) ) +420*a"6xc~3*xd* (-1/3*a~2*x" 2% (—a"2*xx"2+1) "~
(1/2)-2/3%(—a~2*x"2+1) " (1/2))-315%a"8*c~4* (-a~2*%x"2+1)~(1/2)))

Maxima [A] time = 1.49616, size = 540, normalized size = 1.85

1 (1225 V-a2x2 + 1d%x® .\ 8100 V—a2x2 + 1cd®x® . 23814 V—a2x2 + 1c2d?x* s 1400 V—a2x2 + 1d*x® . 441
2 2 4 T

99225 2 a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 4*arccos(a*x),x, algorithm="maxima")

[Out] -1/99225%(1226*sqrt(-a”2*x"2 + 1)*d"4*x"8/a"2 + 8100*sqrt(-a~2*x"2 + 1)*cxd
"3%x76/a”2 + 23814*sqrt(-a”2*x72 + 1)*c"2*d"2*x"4/a”2 + 1400%sqrt(-a”2*x"2

+ 1)*xd"4*x"6/a"4 + 44100*sqrt(-a~2*x"2 + 1)*c”3*d*x"2/a"2 + 9720*sqrt (-a~2x

X"2 + 1)xc*d"3*x74/a"4 + 9922b*sqrt(-a”2*x”2 + 1)*c~4/a"2 + 31752*sqrt(-a~2

*X72 + 1)*c72%d"2xx72/a"4 + 1680*sqrt(-a”2*x"2 + 1)*d~4*x"4/a"6 + 88200%*sqr
t(-a”2*%x72 + 1)*c”3*%d/a"4 + 12960*sqrt(-a”2*x”"2 + 1)*cxd"3*x"2/a"6 + 63504%
sqrt(-a”2*x72 + 1)*c72+%d"2/a"6 + 2240*sqrt(-a”2*x"2 + 1)*d"4*x"2/a"8 + 2592
Oxsqrt(-a~2*x"2 + 1)*c*d”3/a”"8 + 4480*sqrt(-a”2*x"2 + 1)*d"4/a"10)*a + 1/31

5% (35%d"4*x79 + 180%c*xd”3*x”7 + 378*c”2*%d"2*x"5 + 420*%c”3*d*x"3 + 315*%c74*x

) *arccos (a*x)

Fricas [A] time = 2.49507, size = 568, normalized size = 1.95

315 (35 a%dx® + 180 a’cdx” + 378 a°c2d2x® + 420 a°c3dx® + 315 actx) arccos (ax) — (1225 a®dx® + 99225 a®c* + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 4*arccos(a*x),x, algorithm="fricas")

[Out] 1/99225%(315%(35*%a~9*d~4*x~9 + 180*a”~9*c*d~3*x"7 + 378*a~9*c”~2*d"2%x~5 + 42
O*xa~9xc”3xd*x"3 + 315*a~9%c 4x*x)*arccos(axx) - (1225%xa”~8xd"4*x"8 + 99225%a~
8*c~4 + 88200%a”6xc”3*d + 63504*a"4*xc”2%d"2 + 100*(81*a”~8*c*d~3 + 14*a~6*d”
4)xx"6 + 25920*%a~2*c*xd”3 + 6*x(3969*%a~8*c"2xd"2 + 1620*a~6*cxd”3 + 280%a”4x*d
“4)*xx"4 + 4480%d"4 + 4x(11025%a~8*c”3xd + 7938*a”6xc”2%d"2 + 3240%a"4*xcxd"3

+ 560%a”2*%d"4)*x"2)*sqrt(-a~2*x"2 + 1))/a"9

Sympy [A] time = 23.4418, size = 502, normalized size = 1.72

4c3dx3 acos (ax)  6c2d%x° acos(ax)  4ed®x” acos(ax)  d*x%acos(ax)  AV-a?x2+1  4c3dx3V-a2x2+1 6c2d2x-a

5 7 9 a 9a 25a

c*x acos (ax) +

4 43dx3 622y 4cd3x7 | d4xd
Tt cx+ + +

3 5 7 9

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x*x2+c)**4*acos(a*x),x)
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[Out] Piecewise((cx*4dxx*acos(a*xx) + 4kxckx*x3kdkxx*k*x3kacos(a*xx)/3 + 6kck*2kd*x*k2kx*k*k5%

acos(ax*x) /5 + 4*cxd*x3*x*x*T*xacos(a*xx)/7 + dxx4xx**x9*acos(a*x)/9 - ckx*d*xsqrt
(maxk2xx*¥%2 + 1)/a - 4xck*3kd*xx*k*2*%sqrt (-a*x*2*x*x*2 + 1)/(9%a) — 6*ck*2kd**2
*xxkxAksqrt (—axk2xx*k*2 + 1)/(25%a) - 4xckd**3kx*x*x6xsqrt (—ax*2xx*xx2 + 1)/(49%
a) - dxxdxxx*8*xsqrt (—a*x*x2*xx**2 + 1)/(81%a) - 8xc**3*kdxsqrt(—a*x*x2xxx*2 + 1)/
(9*ax*3) — Bkck*x2kdA**x2kx*x2ksqrt (—ax*2*xx*x*2 + 1)/(25*%a*x*3) - 24*xckxd*x*3*xx*x*4
*sqQrt (ax*2*xx**2 + 1)/(245%a*x3) - 8+xd*x4xx**x6xsqrt (—ax*2xx**2 + 1)/ (567*ax
*x3) — 16kcxk2xd**2*ksqrt (—a*x*2*x**2 + 1)/(25%a*x5) — 32kcxd**3*xxx*2xsqrt (—ax*
*x2%xxk*2 + 1)/(245*%ax*x5) - 16*xdx*xdxx*xd*xsqrt (-ax*2xx**2 + 1)/(945*ax*5) - 64
xCkdxk3ksqrt (—a*x*x2kxx*2 + 1)/ (245%a*xx7) - 64xdxxdxx**x2*xsqrt (-ax*2xx**2 + 1)
/(2835*a*x*7) - 128*d*x*4*xsqrt (—a*x*2xx**2 + 1)/(2835*a**9), Ne(a, 0)), (pi*(c
*kdxx + Adxcxk3kd*xx*k*3/3 + Gkckk2kd*k*k2kx*k*5/5 + 4dxckd*x3xxkxx7/7 + dk*kdkx*k*x9/
9)/2, True))

Giac [A] time = 1.19606, size = 551, normalized size = 1.89

V-a2x2 +1d*® 6 4V-a2x2 + 1cd®x®

+ = c2d?x® arccos (ax) —

1 4
5 d*x? arccos (ax) + - cd®x” arccos (ax) — o = 97

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 4*arccos(a*x),x, algorithm="giac")

4
+ 3 c3dxd arc

[Out] 1/9%d~4*x"9*arccos(a*x) + 4/7*cxd”~3*xx"7*arccos(a*xx) - 1/81l*sqrt(-a~2*x"2 +

1)*xd~4*x"8/a + 6/5xc”2xd"2*x"b*arccos(a*xx) - 4/49*sqrt(-a”2*x"2 + 1)*c*xd”~3%
X"6/a + 4/3*c”3xd*x"3*arccos(a*xx) - 6/2b*xsqrt(-a”2*x"2 + 1)*c"2*xd"2*x"4/a -
8/567xsqrt (-a”2*x"2 + 1)*d~4*x"6/a"3 + c”4xxxarccos(a*xx) - 4/9*sqrt(-a~2x*x
T2 + 1)*cT3%d*xx"2/a - 24/24b5*sqrt(-a”2*x72 + 1)*c*xd"3*x"4/a"3 - sqrt(-a”2*x
T2 + 1)*c”4/a - 8/25xsqrt(-a”2*x"2 + 1)*c”2xd"2*x"2/a”3 - 16/945*sqrt (-a”2x
X"2 + 1)xd"4*x"4/a”b - 8/9*sqrt(-a”2*x"2 + 1)*c"3*d/a"3 - 32/245xsqrt(-a”2x%
X"2 + 1)xc*d"3%x72/a”5 - 16/2b*sqrt(-a”2*x"2 + 1)*c"2+%d"2/a"5 - 64/2835%sqr
t(-a”2*%x"2 + 1)*d"4*x"2/a”7 - 64/245*%sqrt(-a”2*x"2 + 1)*c*xd~3/a”7 - 128/283
Bksqrt(-a~2*x"2 + 1)*d~4/a"9
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397 [ Wg

c+dx?

Optimal. Leaf size=521

. \/Eei cos™L(ax) . \/Eei cos™Hax) . ‘/Eei cos™L(ax) . \/Eei cos™1(

PolyLog |2, -———— PolyL 2, —— PolyL. 2,—— PolyLL 2, ———

oy Og( ’ a\/—_c—i\/azc+d) oy Og( ’ a\/—_c—i\/azcﬂil) N ol Og( " ay=c+iVaterd HOyLog |~ ar/—c+iVa2
2\/—C\/E 2\/—0\/3 2\/—0\/3 2\/—0\/3

[Out] (ArcCos[axx]*Logll - (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] - I*Sqrtl[a~2*c
+ d])]1)/(2%Sqrt [-cl*Sqrt[d]) - (ArcCos[a*x]*Log[l + (Sqrt[d]*E~(I*ArcCos[a
xx]))/(a*Sqrt[-c] - I*Sqrtla~2*xc + d])])/(2xSqrt[-c]*Sqrt[d]) + (ArcCos[a*xx
I1*xLog[1 - (Sqrt[d]*E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrtl[a™2*c + d])])/(2
xSqrt [-c]*Sqrt[d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*xSq
rt[-c] + IxSqrtl[a~2*c + d])])/(2*Sqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((S
qrt [d]1*E~ (I*ArcCos[a*x]))/(axSqrt[-c] - I*Sqrt[a~2xc + d]))]1)/(Sqrt[-cl*Sqr
t[d]) - ((I/2)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtl
a~2xc + d])])/(Sqrtl-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((Sqrt[d]*E~(I*ArcCos
[a*x]))/(axSqrt[-c] + IxSqrtl[a~2*c + d]))])/(Sqrt[-cl*Sqrt[d]) - ((I/2)*Pol
yLog[2, (Sqrt[d]*E~(IxArcCosl[ax*x]))/(axSqrt[-c] + IxSqrt[a"2xc + d])])/(Sqr
t [-c]1*Sqrt[d])

Rubi [A] time = 0.809598, antiderivative size = 521, normalized size of antiderivative =

1., number of steps used = 18, number of rules used = 6, integrand size = 14, number of rules

= 0.429, Rules used = {4668, 4742, 4522, 2190, 2279, 2391}

integrand size

. \/Eei cos_l(ax) . \/Eei cos_l(rzx) . \/c_lei cos™1 (ax) . \/Eei cos_l(‘
iPolyLog (2, = m) iPolyLog (2, = m) ) iPolyLog (2, PN= iPolyLog (2, =
2y/—cVd 2y/—cVd 2y/—cVd 2y/—cVd

Antiderivative was successfully verified.

[In] Int[ArcCos[a*x]/(c + d*x"2),x]

[Out] (ArcCos[axx]*Logl[l - (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] - I*Sqrtl[a~2xc
+ d])]1)/(2xSqrt[-c]*Sqrt[d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos[a
xx]))/(a*Sqrt[-c] - I*Sqrtl[a~2xc + d])])/(2xSqrt[-c]l*Sqrt[d]) + (ArcCos[a*x
1*Log[1 - (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] + I*Sqrtl[a~2xc + d])]1)/(2
*Sqrt [-c]*Sqrt[d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sq
rt[-c] + IxSqrt[a~2*c + d])])/(2xSqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((S
qrt [d] *E~ (I*ArcCos [a*x]))/(axSqrt[-c] - I*Sqrtl[a™2xc + d]))])/(Sqrt[-cl*Sqr
t[d]) - ((I/2)*PolyLogl2, (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtl[
a~2xc + d])1)/(Sqrt[-c]*Sqrt[d]) + ((I/2)*PolyLog[2, -((Sqrt[d]*E~(I*ArcCos
[a*x]))/(axSqrt[-c] + I*Sqrt[a~2xc + d]1))]1)/(Sqrt[-cl*Sqrt[d]) - ((I/2)*Pol
yLog[2, (Sqrt[d]*E~(I*ArcCosl[a*x]))/(axSqrt[-c] + I*Sqrt[a"2xc + d])])/(Sqr
t [-c]*Sqrt[d])

Rule 4668

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(a + b*ArcCos[c*x])™n, (d + e*x"2)7p, x], x
1 /; FreeQ[{a, b, c, d, e, n}, x] && NeQ[c™2*d + e, 0] && IntegerQ[p] &% (G
tQlp, 01 Il IGtQ[n, 01)

Rule 4742
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Int[((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)/((d_ ) + (e_.)*(x_)), x_Symbol]
:> -Subst[Int[((a + b*x) n*Sin[x])/(c*d + exCos[x]), x], x, ArcCos[c*x]] /
; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, 0]

Rule 4522

Int[(((e_.) + (f_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)])/(Cos[(c_.) + (d_.)
x(x_)]*(b_.) + (a_)), x_Symbol] :> Simp[(I*(e + fxx)"(m + 1))/(b*fx(m + 1))
, x] + (Int[((e + fxx) " m*E"(I*(c + d*x)))/(I*a - Rt[-a"2 + b~2, 2] + I*b*E~
(Ix(c + d*x))), x] + Int[((e + fxx)"m*¥E~(I*(c + d*x)))/(I*a + Rt[-a"2 + b~2
, 2] + Ixb*xE~(I*(c + d*x))), x]) /; FreeQl{a, b, c, d, e, £}, x] && IGtQ[m,
0] && NegQ[a~2 - b~2]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLogl[l + (b*(F~(gx(e + £*x)))"n)/al)/(bxf*xgxn*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d ) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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cos™!(ax) v-ccosHax)  +/-ccos7(ax)
———dx = d
f crdd f[Zc (\/— - \/Ex) " 2c (\/—c + \/Ex)] *

-1 —1
fCOb (ax) dx f cos™ " (ax) dx

V=c—Vdx B V=c+Vdx
2+/=c 2+/=c
x sin(x) -1 x sin(x) 1
) Subst ( f T eicon® dx, x, cos (ax)) . Subst ( f ervicon® dx, x, cos (ax))
2+/—c 2+/—c
eix 1 et’xx -1
) Subst ( f P e dx, x, cos (ax)) ) Subst ( f v dx, x, cos (ax)) ) S
- 24/ 24/
_ \/Eei cos™Hax) _ \/;lei cos™L(ax) _ \/aei cos™!
1 _ 1 1 _
. cos™ (ax) log (1 W=y m) cos™ (ax) log (1 + == m) . cos™ (ax) log (1 iV
2y/—cVd 2y/—cVd 2y/—cVd
_ \/Eei cos™ax) _ ‘/;lei cos™L(ax) _ \/Eei cos™!
1 _ 1 1 _
. cos™(ax) log (1 —u\/—_c—i\/m) cos™(ax) log (1 + a\/—_c—im) ) cos™ (ax) log (1 T
2y/—cVd 2y/—cVd 2y/—cVid
_ \/Eei cos™L(ax) _ \/r,_iei cos™L(ax) _ \/Eei cos™!
1 _ 1 1 _
cos™(ax) log (1 PN m) cos™(ax) log (1 + = m) ) cos™ (ax) log (1 e
2y/—cVd 2y/—cVd 2y/—cVd

Mathematica [A] time = 1.09452, size = 811, normalized size = 1.56

1—M a c— z\/_ tan(1 cos_l(ax)) @"'1 \/_a+1\/_ tan( cos_l(ax))
. -1 Vd 2 . -1 Vd |
4sin 7 tan™! == —4sin 7 tan~! T + icos™ (ax) log

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCosl[ax*x]/(c + d*x~2),x]

[Out] (4xArcSin[Sqrt[1 - (I*a*Sqrtlc])/Sqrt([d]l]/Sqrt[2]]*ArcTan[((a*xSqrtlc] - IxS
qrt [d])*Tan[ArcCos [a*x]/2])/Sqrt[a”2*c + d]] - 4*ArcSin[Sqrt[1 + (Ixa*xSqrtl[
c])/Sqrt[d]]/Sqrt[2]]*ArcTan[((a*Sqrt[c] + I*Sqrt[d])*Tan[ArcCos[a*x]/2])/S
qrt[a~2*c + d]] + I*ArcCos[a*x]*Log[l - (Ix*(-(axSqrtl[c]) + Sqrtl[a”2xc + d])
*E” (IxArcCos[a*x]))/Sqrt[d]] + (2*I)*ArcSin[Sqrt[1 + (I*a*Sqrtlcl)/Sqrt([d]]
/8qrt [2]]*Log[1 - (I*(-(a*xSqrtlc]) + Sqrt[a~2xc + d])*E~ (I*ArcCosl[a*x]))/Sq
rt[d]] - IxArcCos[a*x]*Log[l + (I*(-(a*Sqrtlc]) + Sqrtl[a~2*c + d])*E~(I*Arc
Cosla*x]))/Sqrt[d]] - (2xI)xArcSin[Sqrt[1 - (I*a*xSqrtlc])/Sqrtl[d]l]/Sqrt([2]]
*Log[1 + (Ix(-(axSqrtlc]) + Sqrtl[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] -
IxArcCos[a*x]*Log[1 - (I*(axSqrt[c] + Sqrtl[a~2*c + d])*E~(I*ArcCos[ax*x]))/S
qrt[d]] + (2xI)*ArcSin[Sqrt[1 - (I*a*Sqrt[c]l)/Sqrt[d]]/Sqrt[2]1]*Logll - (I*
(axSqrt[c] + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + I*ArcCos[a*x]*L
ogll + (Ix(axSqrtlc] + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrtl[d]] - (2xI)
xArcSin[Sqrt[1 + (Ixa*Sqrtlc])/Sqrtld]]/Sqrt[2]]*Logll + (Ix(axSqrtlc] + Sq
rt[a™2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - PolyLog[2, ((-I)*(-(a*Sqrtlc])
+ Sqrt[a”2xc + d])*E~ (I*ArcCos[a*x]))/Sqrtl[d]] + PolyLogl[2, (I*(-(a*Sqrtlc
1) + Sqrtl[a™2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + PolyLog[2, ((-I)*(a*xSqr
tlc] + Sqrtla~2xc + d])*E~ (IxArcCos[a*x]))/Sqrtl[d]] - PolyLogl[2, (Ix(a*Sqrt
[c] + Sqrtla~2xc + d])*E~(IxArcCosl[ax*x]))/Sqrt[d]])/(2xSqrt[c]*Sqrt[d])
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Maple [C] time = 0.535, size = 216, normalized size = 0.4

R1 1 1
—%a E R (i arccos (ax) In (E (_Rl —ax —iV-a?x? + 1)) + dilog (?
R1=RootOf(d_Z*+(4c2cr2d) 22+d) =01 4 +20°C+d - -

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arccos(a*x)/(d*x"2+c),x)

[Out] -1/2*I*axsum(_R1/(_R172*d+2*a”2xc+d)* (I*arccos(a*x)*1n((_Rl-a*x-I*(-a~2*x"2
+1)7(1/2))/_R1)+dilog((_Ri-a*x-Ix(-a"2*x"2+1)~(1/2))/_R1)), R1=Root0f (d*_Z~

4+ (4*xa~2xc+2xd) * _Z72+d) ) +1/2xI*a*sum(1l/_R1/(_R172xd+2xa”2*c+d) * (I*arccos (a*
®)*In((_Rl-a*x-I*(-a"2*x"2+1)7(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2xx~2+1)~(1/
2))/_R1)), R1=RootOf (d*_Z~4+(4%a~2%c+2%d)*_Z~2+d))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

arccos (ax) )
—I

integral( R

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c),x, algorithm="fricas")

[Out] integral(arccos(a*x)/(d*x"2 + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
facos (ax) i
C + dx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(d*x**2+c),x)

[Out] Integral(acos(a*x)/(c + d*xx**x2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

arccos (ax)

dx2 + ¢ ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x~2+c),x, algorithm="giac")

[Out] integrate(arccos(a*x)/(d*x"2 + c), x)
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cos™L(ax)
328 de

Optimal. Leaf size=727

. \/Eei cos™L(ax) . \/Eei cos™Hax) . \/Eei cos™L(ax) . \/Eei cos™Lax)

PolyLL 2, —— PolyL _ PolyLL —_— PolyL E——

oy Og(' rm) L Og(Z’a\/—_c—i\/m il W] I W
4(-c)2d 4~y 4(-cf2Vd 4(-c)2Vd

[Out] -ArcCos[a*x]/(4*xc*Sqrt[d]*(Sqrt[-c] - Sqrt[d]l*x)) + ArcCos[a*x]/(4*c*Sqrt([d
1x(Sqrt[-c] + Sqrtl[dl*x)) - (axArcTanh[(Sqrt[d] - a~2xSqrt[-c]*x)/(Sqrtl[a~2
xc + d]*Sqrt[1 - a™2*x72])])/(4*cxSqrt[d]*Sqrt[a~2*c + d]) - (axArcTanh[(Sq
rt[d] + a"2*Sqrt[-c]*x)/(Sqrt[a™2*c + dl*Sqrt[1 - a~2*x"2])])/(4*c*Sqrt[d]*
Sqrt[a~2*c + d]) - (ArcCos[a*x]*Logl[l - (Sqrt[d]*E~(IxArcCos[a*x]))/(a*Sqrt
[-c] - IxSqrtla™2xc + d])])/(4*(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Log[l + (
Sqrt [d]*E~ (I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrt[a~2*xc + d])])/(4*x(-c)~(3/2)
xSqrt[d]) - (ArcCos[a*x]*Log[l - (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] +
IxSqrt[a~2*xc + d]1)]1)/(4*x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Logl[l + (Sqrtl[d]
*E~ (IxArcCos[a*x]))/(axSqrt[-c] + IxSqrt[a™2*c + d])])/(4x(-c)~(3/2)*Sqrtld
1) - ((I/4)*PolyLogl2, -((Sqrt[d]*E~(I*ArcCosl[ax*x]))/(a*Sqrt[-c] - I*Sqrtla
~2%c + d]))]1)/((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos
[axx]))/(axSqrt[-c] - I*Sqrtla™2xc + d])]1)/((-c)~(3/2)*Sqrtl[d]) - ((I/4)*Po
lyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrtl[a~2xc + d]))]1)/
((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl2, (Sqrt[d]*E~(I*ArcCosl[ax*x]))/(a*Sqr
tl-c] + IxSqrtla™2*c + d])])/((-c)~(3/2)*Sqrt[d])

Rubi [A] time = 1.06906, antiderivative size = 727, normalized size of antiderivative =

1., number of steps used = 26, number of rules used = 9, integrand size = 14, number of rules

= 0.643, Rules used = {4668, 4744, 725, 206, 4742, 4522, 2190, 2279, 2391}

integrand size

. \/Eei cos™L(ax) . \/Eei cos™ax) . \/t_iei cos™L(ax) . \/t;@i cos™L(ax)

PolyLL 2, —— PolyL 2, ————— PolyLL 2, —— PolyLL 2, ———

oYy Og( a —c—i\/uzc+d) N oy Og( a\/——c—i\/azcﬂi) ol Og( ar/—c+iVa2c+d N olyhos ar/—c+iVa2c+
4(—c)¥2+/d 4(~c)32d 4(—c)¥2+/d 4(~c)32d

Antiderivative was successfully verified.

[In] Int[ArcCos[axx]/(c + d*xx"2)7"2,x]

[Out] -ArcCosl[axx]/(4*cxSqrt[d]l*(Sqrt[-c] - Sqrtl[dl*x)) + ArcCos[a*x]/(4*cxSqrt[d
1*x(Sqrt[-c] + Sqrt[d]l*x)) - (a*xArcTanh[(Sqrt[d] - a~2#Sqrt[-cl*x)/(Sqrt[a~2
xc + d]*Sqrt[1 - a"2*x72])]1)/ (4*c*Sqrt[d]*Sqrt[a~2*c + d]) - (axArcTanh[(Sq
rt[d] + a”2xSqrt[-cl*x)/(Sqrt[a”2*c + d]*Sqrt[l - a~2xx"2])])/(4*cxSqrt [d]*
Sqrt[a~2*xc + d]) - (ArcCos[a*x]*Log[l - (Sqrt[d]*E~(IxArcCos[ax*x]))/(a*Sqrt
[-c] - IxSqrtl[a~2xc + d])])/(4x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Log[l + (
Sqrt [d]*E~ (I*ArcCos [a*x]))/(a*Sqrt[-c] - IxSqrt[a~2*c + d])])/(4x(-c)~(3/2)
*Sqrt [d]) - (ArcCos[a*x]*Log[1l - (Sqrt[d]*E~(I*ArcCosl[a*x]))/(axSqrt[-c] +
I*Sqrt[a~2*xc + d])])/(4x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Logl[l + (Sqrtl[d]
*E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrtl[a~2*xc + d])])/(4*x(-c)~(3/2)*Sqrtld
1) - ((I/4)*PolyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtla
~2%xc + d]))]1)/((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos
[a*xx]))/(axSqrt[-c] - I*Sqrtla™2xc + dl1)1)/((-c)~(3/2)*Sqrtld]) - ((I/4)*Po
lyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] + I*Sqrt[a™2xc + d]))])/
((=c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]=*E~(I*ArcCos[a*x]))/(a*Sqr
t[-c] + IxSqrtla2xc + d])]1)/((-c)~(3/2)*Sqrt[d])
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Rule 4668

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_)*x(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(a + b*ArcCos[c*x])"n, (d + e*x"2)7p, x], x
1 /; FreeQ[{a, b, c, d, e, n}, x] && NeQ[c™2*d + e, 0] && IntegerQlp] &% (G
tQlp, 01 || IGtQ[n, 01)

Rule 4744

Int[((a_.) + ArcCos[(c_.)*x(x)1*x(M_.))"(n_)*((d ) + (e_)*(x_))"(m_.), xS
ymbol] :> Simp[((d + e*x)~(m + 1)*(a + bxArcCos[c*x])"n)/(ex(m + 1)), x] +

Dist [(b*c*n)/(ex(m + 1)), Int[((d + e*x)"(m + 1)*(a + b*xArcCos[c*x])~(n - 1
))/Sqrt[1 - c™2%x72], x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

&& NeQ[m, -1]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
[{a, c, 4, e}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 4742

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> -Subst[Int[((a + b*x) n*Sin[x])/(c*d + exCos[x]), x], x, ArcCos[c*x]] /
; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

Rule 4522

Int[(((e_.) + (£_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)1)/(Cos[(c_.) + (d_.)
*(x_)]*x(b_.) + (a_)), x_Symbol] :> Simp[(Ix(e + fxx)"(m + 1))/(b*f*x(m + 1))
, x] + (Int[((e + f*x)"m*E~(I*(c + d*x)))/(I*a - Rt[-a"2 + b~2, 2] + I*b*E~
(Ix(c + d*x))), x] + Int[((e + fxx)"m*E~(I*(c + d*x)))/(I*a + Rt[-a"2 + b~2
, 21 + Ixb*E~(I*(c + d*x))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && NegQ[a™2 - b~2]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
((a_) + (b_)*((F_)~((g_.)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + fx*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]
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Rubi steps
cos™(ax) d cos™(ax) d cos™(ax) d cos™(ax)
feston o[ . - oo
(c + dxz) 4c (\/—_C\/E —~ dx) 4c (\/—_C\/E + dx) 2c (_Cd — d*x )
d[ _cosl@) g _cos@) cos- @)
(e R Ve e R e
B 4c 4c 2c
1 1
_ cos™!(ax) cos™(ax) _ ? f (V=cVd-dx)V1-a2x2 dx 4 f (V=cVid+dx)V1-a2x2 ax ~
4c\d (\/—_ - \/c—lx) 4C\/— (\/—_c + \/_x) 4c 4c
COs 1(ax) cos” (ax) 1
- cos~(ax) cos™(ax) f s dx f =T dx  aSubst (f ST
PYSY T IRV M ] e 0 R o v i
-1 d—a?+/=cx -1 Vd+a?—cx
_ cosaw) cosax)  tanh (=) _ otanh () _
4cd (\/—_ - \/Ex) 40\/— (\/—_c + \/_x) dcNdVa2c + d 4eNdVa2c + d
-1 d—a?+/=cx -1 Vd+a2—cx
_ o cosia) . cosax) @ tanh (w—mm) _ atanh (mm) _
4cd (\/—_ - \/Ex) 4eVd (\/—_c + \/Ex) dc\dVa2c + d 4eVdva2c +d
-1 d—azxf—_cx -1 \/E+a2 —cx
COS_l(ax) cos‘l(ax) atanh (Va2c+d\/l—a2x2) _ atanh (\/azc+d\/1—a2x2) )

“acVA (Vo - Vi) acVd (Voo + Vi)

deNdVa2c +d

4eVdVarc +d

-1 d—uzx/—_cx -1 \/E+a2 —cx
_cosMey  cosl@ otnh (=) _ atanh (=) _
4cd (\/—_ - \/Ex) 4cVd (\/—_c + \/Ex) dcNdVa2e +d 4cVdVa2c + d
-1 d—azx/—_cx -1 \/E+a2 —cx
 cosl(aw) cosl(ay)  otanh (i) _ #tanh () _
4cd (\/—_ — \/Ex) 4C\/— (\/——c + \/_x) dcNdVa2e + d 4eVdVa2c + d

Mathematica [A]

time = 2.29308, size = 1065, normalized size = 1.46

4 1—% a c— z\/_ tan( cos_l(ax)) . 1 % 1 \/_a+1\/_ tan( Cos_l(ax)) ) 4 |
4sin 7 tan™! T —4sin N tan~! T +icos™ (ax)log|1

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[ax*x]/(c + d*x"2)72,x]

[Out] (4*ArcSin[Sqrt[1 - (I*a*xSqrtlcl)/Sqrtl[d]l]/Sqrt[2]]*ArcTan[((a*Sqrtlc] - I*S
qrt [d]) *Tan[ArcCos[a*x]/2])/Sqrt[a~2*c + d]] - 4*ArcSin[Sqrt[1 + (IxaxSqrt[
cl)/Sqrt[d]]1/Sqrt[2]]*ArcTan[((a*Sqrt[c] + I*Sqrt[d])*Tan[ArcCos[a*x]/2])/S
grtla”2xc + d]] + I*ArcCos[a*x]*Log[l - (I*(-(axSqrtlc]) + Sqrt[a~2*xc + d])
*E~ (I*ArcCos[a*x]))/Sqrt[d]] + (2xI)xArcSin[Sqrt[l + (I*a*xSqrt([c])/Sqrt[d]]
/Sqrt[2]1*Log[1 - (I*(-(a*Sqrtlc]) + Sqrtl[a~2*c + d])*E~ (I*ArcCos[a*x]))/Sq
rt[d]] - IxArcCos[a*x]*Logl[l + (I*(-(a*Sqrtl[c]) + Sqrt[a~2*c + d])*E~(I*Arc
Cos[a*x]))/Sqrt[d]] - (2*I)*ArcSin[Sqrt[1 - (I*a*Sqrt([c]l)/Sqrtl[d]]/Sqrt[2]]
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*Log[1 + (I*x(-(axSqrtlc]) + Sqrtl[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrtl[d]] -
I*xArcCos[a*x]*Log[1l - (I*(a*Sqrtlc] + Sqrt[a~2*xc + d])+*E~(I*ArcCos[a*x]))/S
qrt[d]] + (2*%I)*ArcSin[Sqrt[1 - (IxaxSqrtlc])/Sqrtl[d]]/Sqrt[2]]*Logll - (Ix
(axSqrt[c] + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + I*ArcCos[a*x]*L
og[l + (Ix(a*Sqrtlc] + Sqrtl[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - (2*I)
*ArcSin[Sqrt[1 + (IxaxSqrtlc])/Sqrtldl]/Sqrt[2]]1*Logll + (I*(a*Sqrtl[c] + Sq
rt[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + Sqrt[cl*(ArcCos[a*x]/((-I)*Sqr
tlc] + Sqrtld]l*x) - (axLogl[(2*d*(Sqrt[d] - I*a~2*xSqrtlcl*x + Sqrtl[a”2*c + d
1xSqrt[1 - a~2%x72]))/(axSqrt[a”2*c + d]*((-I)*Sqrtl[c] + Sqrt[d]l*x))])/Sqrt
[a”2*%c + d]) + Sqrtlcl*(ArcCos[a*x]/(I*Sqrtlc] + Sqrtl[d]l*x) - (axLogl(-2*d*
(Sqrt[d] + Ixa~2*Sqrtlcl*x + Sqrtl[a2*xc + dl*Sqrt[l - a~2*x~2]))/(a*Sqrt[a”
2%c + d]*(I*Sqrtlc] + Sqrtldl*x))])/Sqrtla~2xc + d]) - PolyLogl[2, ((-I)*(-(
axSqrt[c]) + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + PolyLogl[2, (I*(
-(axSqrt[c]) + Sqrtla™2xc + d])*E~(IxArcCos[ax*x]))/Sqrt[d]] + PolyLogl[2, ((
-I)*(a*Sqrt[c] + Sqrtl[a™2*xc + d])+*E~ (I*ArcCos[a*x]))/Sqrt[d]] - PolyLogl[2,
(Ix(axSqrtlc] + Sqrtl[a”2xc + d])*E~(IxArcCos[a*x]))/Sqrt[d]l])/(4xc~(3/2)*Sq
rt[d])

Maple [C] time = 0.913, size = 1654, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*x~2+c)”2,x)

[Out] 1/2*a"2*arccos(ax*x)*x/c/(a”2*xd*x"2+a"2xc)+1/2xI*ax ((2*¥a~2xc+2* (a~2*c* (a~2*c
+d) )~ (1/2)+d) *d) ~(1/2) *arctan(d* (I*(-a~2*xx"2+1) " (1/2) +a*xx) / ((2*xa~2*xc+2* (a~2
xckx(a”2%c+d)) " (1/2)+d)*d) ~(1/2)) /c/d"2+1/2*xIT*xa*x ((2*xa~2xc+2* (a~2*c* (a”~2*c+d)
)" (1/2)+d) *d) " (1/2) *arctan (d* (I* (—a~2*xx"2+1) " (1/2) +ax*x) / ((2*a~2xc+2* (a~2*c*
(a™2%c+d)) "~ (1/2)+d) *d) ~(1/2)) /c/ (a"2*c+d) /d"2* (a"2*xc*x(a"2*c+d) ) ~(1/2)-I*a"3
* (- (2xa"2*xc-2*(a"2xc*x (a™2xc+d) ) ~(1/2)+d) *d) ~ (1/2) *arctanh (d* (I* (-a~2*x"2+1)
~(1/2)+ax*xx) / ((—2xa”2xc+2* (a"2*cx (2" 2xc+d) ) ~(1/2)-d)*d) ~(1/2)) /(a~2*c+d) /d~3
*(a”2xc*x(a”2*xc+d) ) " (1/2) +I*xa~3* (- (2*a~2*c-2* (a"2*xc*x(a"2xc+d) ) ~(1/2)+d) *d) ~(
1/2) *arctanh (d* (I*(—a~2*x"2+1) " (1/2)+axx) / ((-2*xa~2*c+2x (a"~2*xc* (a"2*xc+d) ) ~ (1
/2)-d)*d) " (1/2))/d"3+I*a"3* ((2*a~2*c+2* (a"2*c*kx(a"2*c+d) ) ~(1/2)+d) *d) ~(1/2) *
arctan(d* (I*x(-a~2*xx"2+1) " (1/2) +a*x) / ((2*¥a~2*xc+2* (a~2xc* (a"2%c+d) ) ~(1/2) +d) *
d)~(1/2))/d"3-Ixa"3*((2*a~2xc+2*x(a"2*c*x (a"2*c+d) ) ~(1/2)+d) *d) ~(1/2) *arctan(
d*x (I*x(—a~2xx72+1) " (1/2)+a*xx) / ((2*a~2*xc+2*x (a"2xcx (a™2*c+d) ) ~(1/2)+d) *d) ~(1/2
))/(a™2%c+d) /A" 2-T*xax ((2xa~2xc+2x (a~2*c* (a™2*c+d) ) ~(1/2)+d) *d) ~(1/2) *arctan
(d* (I*(—a~2*x"2+1) " (1/2) +a*xx) / ((2*xa~2*c+2* (a"2*c* (a"2*c+d) ) ~(1/2)+d)*d) ~(1/
2))/c/d"3x(a"2*xc*x(a~2*c+d)) " (1/2)-I*a~ 5+ ((2*xa~2*c+2* (a”~2xc* (a"2*xc+d) ) ~(1/2)
+d)*d) " (1/2) *arctan (d* (I* (—a~2*xx"2+1) ~(1/2) +a*x) / ((2*a~2xc+2* (a"2*c*x (a~2*c+
d)) " (1/2)+d)*d) " (1/2) )*c/(a"2*c+d) /A" 3+I*xa*x (- (2*xa~2xc-2* (a~2*c* (a"2*c+d) ) ~(
1/2)+d)*d) " (1/2) *arctanh (d* (I*(—a"2*x"2+1) ~(1/2) +ax*x) / ((-2*a"~2*c+2* (a~2*c* (
a~2xc+d)) " (1/2)-d)*d) " (1/2))/c/d"3*x(a"2*c*kx(a"2*xc+d) ) ~(1/2)+1/2*I*a*x (- (2*a"2
*c-2% (a"2*xck(a"2*xc+d) ) "~ (1/2)+d)*d) " (1/2) *arctanh (d* (I* (-a~2*xx~2+1) ~(1/2) +a*
x) / ((—2xa~2*xc+2* (a~2xc*x (a"2%c+d) ) " (1/2)-d)*d) " (1/2)) /c/d"2-I*a~5* (- (2*a"2*c
-2x(a”~2*xc* (a~2xc+d)) " (1/2)+d)*d) " (1/2) *arctanh (d* (I* (-a~2*x"2+1) " (1/2) +a*x)
/ ((=2%a~2*c+2* (a"2*xc*x (a"2xc+d) ) ~(1/2)-d) *d) " (1/2) ) *c/ (a"2*xc+d) /d~3+I*a~3* ((
2%a”2%c+2* (a”2*xc*x (a"2xc+d) ) ~(1/2)+d) *d) " (1/2) *arctan(d* (I*(-a~2*x"2+1) ~(1/2
Y+axx)/ ((2%a~2*c+2* (a"2*xc*kx(a"2xc+d) ) ~(1/2)+d) *d) ~(1/2)) /(a~2*c+d) /d~3* (a~2*
cx(a~2xc+d)) " (1/2)-I*xa~3* (- (2*a~2*xc-2* (a~2*xc* (a~2*c+d) ) ~(1/2)+d) *d) ~(1/2) *a
rctanh(dx (I*(-a~2*xx"2+1) ~(1/2)+ax*xx) / ((-2xa~2*c+2* (a~2xc*x(a~2%c+d) ) ~(1/2)-d)
xd) " (1/2))/(a"2xc+d) /d"2+1/4*I*a/c*sum(1/_R1/(_R172xd+2*a”2*c+d) * (I*arccos(
axx)*In((_Rl-a*xx-I*(-a~2*x"2+1)~(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2*xx~2+1)"(
1/2))/_R1)), _R1=RootO0f (d*_Z 4+ (4*a"2*xc+2%d)*_Z~2+d))-1/2*I*xax (- (2xa~2%c-2*(
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a~2xcx*x(a"2xc+d)) " (1/2)+d) *d) " (1/2) *arctanh (d* (I* (—a~2%x~2+1) " (1/2) +a*x) / ((-
2xa”2xc+2x* (a7 2*cx (a”2xc+d) ) ~(1/2)-d)*d) ~(1/2)) /c/(a~2*c+d) /d"2x (a"2xc* (a~2%*
c+d))~(1/2)-1/4xI*a/cxsum(_R1/(_R172*d+2xa~2*c+d) * (I*arccos (a*x)*1n((_Rl-ax
x-I*(-a"2*x"2+1)~(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2*x~2+1)~(1/2))/_R1)), Rl
=Root0f (d*_Z~4+(4xa~2xc+2*xd)*_Z~2+d))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

arccos (ax) )

integral ,X
& (d2x4 + 2 cdx? + c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~2,x, algorithm="fricas")

[Out] integral(arccos(a*x)/(d"2*x"4 + 2%c*xd*x"2 + ¢~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acos (ax) P
——dx
(c + dxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(d*x**2+c)**2,x)

[Out] Integral(acos(a*x)/(c + d*x**2)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arccos (ax)
[,
(dx2 + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~2,x, algorithm="giac")

[Out] integrate(arccos(a*xx)/(d*x"2 + c)~2, x)
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3.29 [ Ve + dx? cos™Hax) dx

Optimal. Leaf size=18

Unintegrable (cos‘l(ax)\/c + dx2, x)

[Out] Unintegrable[Sqrt[c + d*x~2]*ArcCos[ax*x], x]

Rubi [A] time = 0.017767, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =
integrand size

0., Rules used = {}

f Ve + dx? cos™ (ax) dx

Verification is Not applicable to the result.

[In] Int[Sqrtlc + d*x~2]*ArcCos[a*x],x]
[Out] Defer[Int] [Sqrt[c + d*x~2]*ArcCos[a*x], x]

Rubi steps

f Ve + dx? cos™ (ax) dx = f Ve + dx? cos™ (ax) dx

Mathematica [A] time = 3.44691, size = 0, normalized size = 0.

f Ve + dx? cos™ (ax) dx

Verification is Not applicable to the result.

[In] Integrate[Sqrt[c + d*x~2]*ArcCos[a*x],x]

[Out] Integrate[Sqrt[c + d*x~2]*ArcCos[a*x], x]

Maple [A] time = 0.28, size = 0, normalized size = 0.

f Vdx2 + carccos (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c)~(1/2)*arccos(a*x),x)

[Out] int((d*x"2+c)~(1/2)*arccos(a*x),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)~(1/2)*arccos(a*x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (V dx? + carccos (ax), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)~(1/2)*arccos(a*x),x, algorithm="fricas")

[Out] integral(sqrt(d*x~2 + c)*arccos(a*x), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f Ve + dx? acos (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+c)**(1/2)*acos(a*x),x)

[Out] Integral(sqrt(c + d*xx**2)*acos(a*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f Vdx2 + carccos (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)~(1/2)*arccos(a*x),x, algorithm="giac")

[Out] integrate(sqrt(d*x~2 + c)*arccos(a*x), x)
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cos™L(ax)
330 [—=dx
Ve+dx?
Optimal. Leaf size=18
cos~!(ax) )
x

Unintegrable (—,
s Ve + dx?

[Out] Unintegrable[ArcCos[a*x]/Sqrtl[c + d*x~2], x]

Rubi [A] time = 0.018808, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}
f oS 1(ax)
Ve + dx2
Verification is Not applicable to the result.
[In] Int[ArcCos[a*x]/Sqrtlc + d*x~2],x]

[Out] Defer[Int] [ArcCos[a*x]/Sqrtlc + d*x~2], x]

Rubi steps
f cos 1(ax) f cos 1(ax)
Ve + dx2 Ve + dx2

Mathematica [A] time = 2.14131, size = 0, normalized size = 0.

cos™H(ax)

Ve + dx?

Verification is Not applicable to the result.

[In] Integrate[ArcCos[a*x]/Sqrtlc + d*x~2],x]

[Out] Integrate[ArcCos[a*x]/Sqrtlc + d*x~2], x]

Maple [A] time = 0.268, size = 0, normalized size = 0.

1

f arccos (ax)
Vdx? + ¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*xx~2+c)~(1/2),x)

[Out] int(arccos(a*x)/(d*x"2+c)~(1/2),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

arccos (ax) )
x

integral (—,
Vdx? + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(1/2),x, algorithm="fricas")

[Out] integral(arccos(a*x)/sqrt(d*x~2 + c), x)

M [A] time = 0., size = 0, normalized size = 0.
acos (ax)
[ ==
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(acos(a*xx)/(dxx*x2+c)**(1/2),x)

[Out] Integral(acos(a*x)/sqrt(c + d*x**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f arccos (ax)
Vdx2 + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(1/2),x, algorithm="giac")

[Out] integrate(arccos(a*x)/sqrt(d*x"2 + c), x)
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331  [Lo@) gy

(c+dx2)3/2

Optimal. Leaf size=66

tan™! ViVLa?
x cos™H(ax) aVe+da2

cVe + dx? cVd

[Out] (x*ArcCos[ax*x])/(cxSqrtlc + d*x~2]) - ArcTan[(Sqrt[d]*Sqrt[l - a"2*x72])/(a
xSqrt[c + d*x~2])]1/(c*Sqrt[d])

Rubi [A] time = 0.0964348, antiderivative size = 66, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 7, integrand size = 16, e .

0.438, Rules used = {191, 4666, 12, 444, 63, 217, 203}

integrand size

tan™! ViVLa?
x cos™H(ax) aVe+da2

cVe + dx? cVd

Antiderivative was successfully verified.

[In] Int[ArcCosl[a*x]/(c + d*x~2)~(3/2),x]

[Out] (x*ArcCos[a*x])/(c*Sqrtlc + d*x~2]) - ArcTan[(Sqrt[d]#*Sqrt[1 - a"2*x"2])/(a
xSqrt[c + d*x~2])]1/(c*Sqrt[d])

Rule 191

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrtl[l - c™2*x72], x], x], x]] /; FreeQl
{a, b, c, d, e}, x] & NeQ[c™2+d + e, 0] && (IGtQlp, 0] || ILtQp + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(m_)) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)7q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
f cos~!(ax) P cos™(ax) s f x p
x = a x
(c n dx2)3/2 cVe + dx? cV1 — a2x2Vc + dx2

x
- a| ———=dx
_ X COS l(ax) + f V1-a2x2Vc+dx?
cVe + dx? ¢

1 2
1 aSubst( —dxxx)
_ xcos (ax)+ fmm T
cVe + dx? 2c
1
Subst f —— dx, x, V1 — a?x2
d dx
x cos™(ax) 3 a
cVe + dx? ac
1 1-a2x2
Subst f dx, x
dx2 a4 1/ 2
x cos™H(ax) 1+ crdx
cVc + dx? ac
tan™! Vav1ah?
X COS_] (ax) aVe+dx?

- cVc + dx? cVd

Mathematica [C] time = 0.0810021, size = 68, normalized size = 1.03

2 2
X (ax\/d% +1F,; (1; > %;2; a%x2, —d%) +2 cos‘l(ax))
2cVe + dx?

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[a*x]/(c + d*x~2)~(3/2),x]

[Out] (x*x(axx*Sqrt[1 + (d*x~2)/c]l*AppellF1[1, 1/2, 1/2, 2, a~2*x"2, -((d*x"2)/c)]
+ 2*ArcCos[a*x]))/(2%c*Sqrt[c + d*x"2])

Maple [F] time = 0.18, size = 0, normalized size = 0.

3

f arccos (ax) (dx2 + c)_E dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*xx~2+c)~(3/2),x)

[Out] int(arccos(a*x)/(d*x"2+c)~(3/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.64866, size = 606, normalized size = 9.18

4 Vdx2? + cdx arccos (ax) — (dx2 + c)\/—_dlog (8 a*d?x* + a*c? — 6.a%cd + 8 (a4cd - azdz)xz -4 (2 adx? + a3c - ad)'
4 (cdzx2 + czd)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(3/2),x, algorithm="fricas")

~

[Out] [1/4x*(4*xsqrt(d*x~2 + c)*d*x*arccos(a*xx) - (d*x~2 + c)*sqrt(-d)*log(8xa~4x*d
2%x74 + a"4%c”2 - 6%a”2%ckd + 8x(adkckd - aT2*%dT2)*x72 - 4x(2%a”3*d*x"2 +

a~3xc - axd)*sqrt(-a”2*x”2 + 1)*sqrt(d*x”~2 + c)*sqrt(-d) + d72))/(c*d"2*x"2

+ ¢c72xd), 1/2%(2*sqrt(d*x~2 + c)*dxx*arccos(a*x) - (d*x"2 + c)*sqrt(d)*arc
tan(1/2%(2%a~2%d*x"2 + a~2*c - d)*sqrt(-a”2*x"2 + 1)*sqrt(d*x~2 + c)*sqrt(d

)/ (a”3%d"2*%x"4 - axckd + (a"3*cxd - axd”2)*x72)))/(c*d"2*x"2 + c~2%d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

acos (ax)
3

(c + dxz)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(d*x**2+c)**(3/2),x)

[Out] Integral(acos(a*x)/(c + d¥x**2)**(3/2), x)

Giac [A] time = 1.22285, size = 101, normalized size = 1.53

alog |—V—a2x2 +1V-d + \/azc + (azxz - 1)d + d|
x arccos (ax) N
Vdx? + cc cV~djal
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(3/2),x, algorithm="giac")

[Out] x*arccos(a*x)/(sqrt(d*x~2 + c)*c) + axlog(abs(-sqrt(-a”2*x~2 + 1)*sqrt(-d)
+ sqrt(a™2xc + (a”2*%x72 - 1)*d + d)))/(cxsqrt(-d)*abs(a))
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332  [Lo@) gy

(c+dx2)5/2

Optimal. Leaf size=136

2tan! A
aVerdr? av1 — a2x2 2xcos Max)  xcos (ax)

- + +
3c2\/d 3c (azc + d) Ve+dx?  3c2Vc+dx?2 3, (c 4 dx2)3/2

[Out] -(a*Sqrt[1 - a~2%x72])/(3*cx(a"2*c + d)*Sqrtlc + d*x~2]) + (x*xArcCos[ax*x])/
(3*xcx(c + d*x"2)7(3/2)) + (2*x*xArcCos[a*x])/(3*xc”™2xSqrtc + d*x72]) - (2%Ar
cTan[(Sqrt [d]*Sqrt[1 - a~2*x~2])/(axSqrt[c + d*x~2])])/(3*c™2xSqrt[d])

Rubi [A] time = 0.153341, antiderivative size = 136, normalized size of antiderivative =

. . number of rules
1., number of steps used = 7, number of rules used =9, integrand size = 16, —————— =

integrand size
0.562, Rules used = {192, 191, 4666, 12, 571, 78, 63, 217, 203}

2tan! Va1t
aVerdx? av1 — a?x2 2x cos™H(ax) x cos™(ax)

- + +
3c2/d 3¢ (azc + d) Ve+dx2  3c2Ve+dx?2 3, (c n dx2)3/2

Antiderivative was successfully verified.

[In] Int[ArcCos[a*x]/(c + d*x~2)~(5/2),x]

[Out] -(a*Sqrt[l - a~2*x72])/(3*cx(a"2*c + d)*Sqrtlc + d*x~2]) + (x*ArcCos[a*x])/
(3xcx(c + d*x"2)7(3/2)) + (2*x*ArcCos[a*x])/(3xc™2*Sqrtc + d*x~2]) - (2*Ar
cTan[(Sqrt [d]*Sqrt[1 - a~2xx~2])/(a*Sqrt[c + d*x~2])]1)/(3*c~2xSqrt[d])

Rule 192

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> -Simp[(x*(a + b*x™n)~(p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*x(p + 1)), Int[(a + b*x"n)"~
(p + 1), x], x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], O]
&& NeQ[p, -1]

Rule 191

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n)~(p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x )I*(b_.))*((d_ ) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x”"2)7p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c™2*x72], x], x], x]] /; FreeQl
{a, b, c, d, e}, x] && NeQ[c™2%d + e, 0] && (IGtQlp, 0] || ILtQp + 1/2, 0]
)

Rule 12
Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 571
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Int[(x_)"(m_.)*((a_) + (b_D)*(x_)"(m_)) (p_.)*x((c_) + (d_.)*x(x_)"(n_))"(q_.
)k((e_ ) + (f£_)*(x_)"(n_))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x
)"p*x(c + d*x)~g*x(e + f*x)7r, x], x, x"n], x] /; FreeQ[{a, b, c, d, e, f, m,
n, p, q, rr, x] & EqQ[m - n + 1, 0]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*x(e + f*x)~(p + 1))/(
fx(p + 1)*(cxf - d*e)), x] - Dist[(axd*fx(n + p + 2) - b*x(d*ex(n + 1) + cxf
x(p + 1))/ (E£x(p + 1)*(cxf - d*e)), Int[(c + d*xx)"n*x(e + f*x)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] & LtQ[p, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] || !(IntegerQ[n] [ !(EqQle, 0] || !'(EqQ[c, 0] |l LtQlp, nl))))

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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cos™(ax) xcos Hax)  2xcos l(ax) X (30 + 2dx2)
f 5 dX = 3+ 2\/72+af 35 Ax
(c + dxz) 3c (c + dxz) 3c*Ve +dx 3c2V1 — a2x? (c + dxz)
x(3c+2dx2)
— dx
_ xcos™!(ax) . 2x cos™H(ax) VI-a22(c+dx?)
3c (c + dx2)3/2 3c2Vc + dx? 3¢?
3c+2dx 2
xcosMax)  2xcosax) Subst (f Vi_dZx(crdn) dx, x, x )

3c (c + dx2)3/2 3c2Vc + dx? 6¢?

1 2
_ av1 — a2x2 .\ x cos™Hax) .\ 2x cos™!(ax) s a Subst (f Via2iverdx dx, %, X )
3¢ (azc + d) Ve+dx? 3¢ (c + dx2)3/2 3c2Vc + dx? 3¢

2 Subst f ;2 dx,x, V1 — a2
d dx
avl — a2x? .\ x cos™(ax) .\ 2x cos™H(ax) Vi
3c (azc + d) Ve+dx? 3¢ (c + dx2)3/2 3c2Vc + dx? 3ac?

V1-=g242
2 Subst f 1dx2 dx, x, \}a_xz
avl — a2x? L X cos Hax)  2xcos (ax) 1+= crdx

+
3¢ (azc + d) Ve+dx? 3¢ (c + dx2)3/2 3c2Vc + dx? 3ac?
2tan™! Vi1
av1 — a?x2 L X cos 1(ax) N 2x cos™(ax) aVe+dx?
3¢ (azc + d) Ve+dx?2 3¢ (c + dx2)3/2 3c2 Ve + dx? 3c2Vd

Mathematica [C] time = 0.187612, size = 120, normalized size = 0.88

2 2 VI—222 (ctdo?
ax? (c + dxz) \/d% +1F; (1; %, %;2; a%x?, —di) A Gl + cosH(ax) (3cx + 2dx3)

a?c+d

3¢2 (c + dx2)3/2

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[a*x]/(c + d*x~2)~(5/2),x]

[Out] (-((axc*Sqrt[l - a™2*x72]*(c + d*x~2))/(a"2*c + d)) + a*xx"2*(c + d*x~2)*Sqr
t[1 + (d*x~2)/cl*AppellF1[1, 1/2, 1/2, 2, a~2*x72, -((d*x"2)/c)] + (3*c*x +
2xd*x"3) *ArcCos [axx]) / (3*c™2x(c + d*x~2)7(3/2))

Maple [F] time = 0.183, size = 0, normalized size = 0.

5

f arccos (ax) (dx2 + c)_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*x~2+c)~(5/2),x)

[Out] int(arccos(a*x)/(d*x"2+c)~(5/2),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 3.24082, size = 1192, normalized size = 8.76

(a2c3 + (azcdz + d3)x4 +c2d+2 (azczd + cdz)xz)\/:llog (8 a*d?x* + a*c? - 6a%cd + 8 (a4cd - azdz)xz -4 (2 a3dx? -

6 (u2c5d + c*d? + (z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(5/2),x, algorithm="fricas")

[Out] [-1/6%((a"2*c”3 + (a™2*c*d"2 + d73)*x74 + c72*d + 2x(a”2%c”2*d + c*d~2)*x"2
)*sqrt (-d) *log(8*a~4*d~2*x"4 + a~4*c”™2 - 6xa”2*xcxd + 8*(a~4*xcxd - a~2xd"2)*
X72 - 4% (2%a”3*%d*x"2 + a”"3*%c - axd)*sqrt(-a”2*x"2 + 1)*sqrt(d*x"2 + c)*sqrt
(=d) + d72) - 2*sqrt(d*x”2 + c)*((2%(a"2*%c*xd™2 + d73)*x"3 + 3*(a”2%c™2*d +
c*xd~2)*x)*arccos(a*x) - (a*xc*d™2*x72 + a*xc”2+d)*sqrt(-a~2*x"2 + 1)))/(a”2*c
“6xd + c74*xd72 + (aT2%c73*%d73 + c72%d74)*x74 + 2% (a"2%cT4*d72 + c73*%d"3)*x”
2), -1/3%((a"2%c”3 + (a™2xc*d”2 + d73)*x"4 + c”2*%d + 2*%(a"2%c”2xd + c*xd~2)*
x"2)*sqrt(d)*arctan(1/2* (2*a~2*d*x~2 + a~2*%c - d)*sqrt(-a”2*x"2 + 1)*sqrt(d
*x"2 + c)*sqrt(d)/(a”3*%d"2xx"4 - akxcxd + (a”3*ckd - axd”2)*x72)) - sqrt(d*x
"2 + c)*x((2%(a”2*%c*xd"2 + d73)*x73 + 3x(a”2*%c"2xd + c*d"2)*x)*arccos(axx) -
(a*xc*d™2*x72 + axc”2*xd)*sqrt(-a”2*xx"2 + 1)))/(a"2xc”b*xd + c74*xd"2 + (a”2*c”
3%d73 + cT2xd74)*x"4 + 2% (a”2%c74*d72 + c¢"3*%d73)*x"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

acos (ax)
5

(c + dxz)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(d*x**2+c)**(5/2),x)

[Out] Integral(acos(a*x)/(c + d*x**2)**x(5/2), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccos(a*x)/(d*x"2+c)~(5/2),x, algorithm="giac")

[Out] Timed out
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333  [Lo@) gy

(c+dx2)7/2

Optimal. Leaf size=211

\/ 8tan™! Vav1-a22
2aV1 — a2x2 (3a2c + Zd) avVc+dx? aV1 — a2x2 . 8y Cos‘l(ax) . 4x cos™L (ax) . X
15¢2 (azc + d)z Ve + dx? 15c3Vd 15¢ (aZC + d) (C + dx2)3/2 153Ve +dx2 152 (C + dx2)3/2 5c¢ |

[Out] -(a*Sqrt[1 - a™2%x72])/(16%c*(a”2*c + d)*(c + d*x"2)7(3/2)) - (2*xax(3*%a"2xc
+ 2xd)*Sqrt[1 - a”2*x72])/(15*%c™2x(a"2*%c + d)~2xSqrtlc + d*x~2]) + (x*ArcC
os[a*x])/(5*cx(c + d*x~2)"(5/2)) + (4*x*ArcCos[a*x])/(15xc™2*(c + d*x~2)"(3

/2)) + (8*x*ArcCos[a*x])/(15*xc™3*Sqrt[c + d*x~2]) - (8*ArcTan[(Sqrt[d]*Sqrt

[1 - a”2*xx"2])/(axSqrt[c + d*x~2])])/(16xc~3*Sqrt[d])

Rubi [A] time = 0.848433, antiderivative size = 211, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 10, integrand size = 16, e e e

= 0.625, Rules used = {192, 191, 4666, 12, 6715, 949, 78, 63, 217, 203}

integrand size

8tan™! A
2aV1 - a?x? (36120 + Zd) aVerd? av1 — a2x2 8x cos ™1 (ax) 4x cos™(ax) x
- ) - d - D7y e T
15¢2 (azc + d) Ve + dx? 15¢°Vd 15¢ (azc + d) (c + dxz) 15¢°Ve +dx* 15¢2 (c + dxz) 5¢|

Antiderivative was successfully verified.

[In] Int[ArcCosl[a*x]/(c + d*x~2)~(7/2),x]

[Out] -(a*Sqrt[l - a™2*x72])/(1b*xcx(a”2*c + d)*(c + d*x"2)7(3/2)) - (2xax(3*a”2xc
+ 2*%d)*Sqrt[1 - a~2*x72])/(15*%c™2*(a"2*c + d)~2xSqrt[c + d*x~2]) + (x*ArcC
os[a*xx])/(B*xcx(c + d*x~2)7(5/2)) + (4xxxArcCos[a*x])/(16%xc™2*(c + d*x~2)7 (3

/2)) + (8*xxArcCos[a*x])/(16xc™3*Sqrt[c + d*x~2]) - (8*ArcTan[(Sqrt[d]*Sqrt

[1 - a~2*x~2])/(axSqrt[c + d*x~2])])/(15xc~3*Sqrt[d])

Rule 192

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> -Simp[(x*(a + b*x™n)~(p + 1
))/(axn*x(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*x"n)"~
(p + 1), x], x]1 /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], O]
&& NeQ[p, -1]

Rule 191

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - ¢™2*x72], x], x], x]] /; FreeQ[
{a, b, c, d, e}, x] & NeQ[c™2*d + e, 0] && (IGtQlp, 01 || ILtQp + 1/2, 0]
)

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 949

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*x)D)"(m)*((a_.) + (b_.)*(x_)

+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x
+ c*x72)7p, d + e*x, x], R = PolynomialRemainder[(a + b*x + c*x"2)7p, d +
exx, x]}, Simp[(R*x(d + e*xx)"(m + D*(f + gxx)"(n + 1))/((m + 1)*(exf - dxg)
), x] + Dist[1/((m + 1)*(exf - d*g)), Int[(d + exx)"(m + 1)*(f + g*x) n*Exp
andToSum[(m + 1)*(exf - d*g)*Qx - g*R*(m + n + 2), x], x], x]] /; FreeQ[{a,
b, c, d, e, f, gr, x] && NeQ[exf - d*g, 0] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c
*d"2 - b*dxe + axe”2, 0] && IGtQ[p, 0] && LtQ[m, -1]

Rule 78

Int[((a_.) + (b_)*(x_D))*x((c_.) + (d_)*x_))"(a_)*x((e_.) + (£_D*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*(e + f*x)~(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1)))/(£x(p + 1)*(cxf - d*e)), Int[(c + d*xx)"n*x(e + £*x)~(p + 1), x],

x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & LtQlp, -1] & ( 'LtQn, -1] || Int
egerQ[p] || !(IntegerQ[n] [ !(EqQle, 0] || !'(EqQ[c, 0] |l LtQlp, nl))))

Rule 63

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1) *(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps
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f cos~(ax) P x cos™(ax) . 4x cos ™! (ax) 8x cos™! (ax) 15C + 20cdx® + 84° 4)
724X = 52 3 f 52 4X
(c + dxz) ! 5¢ (c + dxz) ! 15¢2 (c + dxz) 2 15C3 Ve + dx? 15¢3V1 — a2x2 (c + dxz) /

x(15c +20cdx’ +8d2x4)

_ xcos™!(ax) 4x cos~Y(ax) 8x cos ™} (ax) VIaZ2(c+dx2) "
= 572 32 3
5¢ (c + dxz) % 150 (c + dxz) 2 15¢3Ve + dx? 15¢
15¢2+20cdx+8d2x? 5
x cos™Hax) 4x cos™(ax) . 8xcosl(ax) Subst (f Nixcrd? Y )
5¢ (c + dx2)5/2 15¢2 (c + dx2)3/2 15c3Ve + dx? 30c3
3c(
Subst
B av1 — a2x? L X cos™H(ax) s 4x cos™H(ax) . 8x cos(ax) aoubs (f
- 3/2 5/2 35 -
15¢ (azc + d) (c + dxz) / 5¢ (c + dxz) ! 15¢2 (c + dxz) 2 1563V + dx? .

V1 — 2222 2a (3a2c + 201) V1 — a2x? s x cos™!(ax) N 4x cos~}(ax) 8x.

— + —
15¢ (azc + d) (c + dx2)3/2 15¢2 (azc + d)2 Ve+dx?2  5¢ (c + dx2)5/2 15¢2 (c + dx2)3/2 15¢

avl — a2x? 2a (31120 + 2d) V1 - a2x? . x cos™(ax) . 4x cos™(ax) 8x

- +
15¢ (azc + d) (c + dx2)3/2 15¢2 (azc + d)2 Ve+dx2  5¢ (c + dx2)5/2 15¢2 (c + de)S/Z 15c¢

a1 — a2x2 20 (302 + 24) V1 - a2 a2x2 ¥ cos~ (ax) | & cos(ax) s
15¢ (azc + d) (c + dx2)3/2 15¢2 (azc + d)z c + dx? 5c (c + dx2)5/2 15¢2 (c + dx2)3/2 15c¢

av1 — a2x2 ~ 2a (3ﬂ20 + Zd) 1- azxz x cos™(ax) 4x cos™(ax) 8x
15¢ (azc + d) (c + dx2)3/2 15¢2 (azc + d)z c + dx? 5c (c + dx2)5/2 15¢2 (c + dx2)3/2 15¢

Mathematica [C] time = 0.308923, size = 162, normalized size = 0.77

4ax? e +1(c+dx) F1(1

2.0 5 2 dxz) ac\/1—a2x2(c+dx2)(azc(7c+6dx2)+d(5c+4dx2))
¢ (a2c+d)2

15¢3 (c + dxz)S/2

5050 + x cos™!(ax) (15c2 + 20cdx? +

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[axx]/(c + d*x~2)7(7/2),x]

[Out] (-((axc*Sqrt[1l - a™2*x72]*(c + d*x"2)*x(d*(b*c + 4*d*x~2) + a~2*cx(7xc + 6%d
*x72)))/(a"2xc + d)72) + 4xaxx"2x(c + d*xx"2)72xSqrt[1 + (d*x"2)/c]*AppellF1

[1, 1/2, 1/2, 2, a~2*xx72, -((d*x"2)/c)] + x*x(15%c™2 + 20*c*d*x"2 + 8*d™2*x"
4)*ArcCos [a*x])/(15%c™3*(c + d*x"2)7(5/2))

Maple [F] time = 0.181, size = 0, normalized size = 0.

7

f arccos (ax) (dx2 + c)_E dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arccos(a*xx)/(d*x"2+c)~(7/2),x)

[Out] int(arccos(a*x)/(d*x"2+c)~(7/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(7/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 4.08224, size = 2145, normalized size = 10.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(7/2),x, algorithm="fricas")

[Out] [-1/15%(2*x(a~4*c™5 + 2*a~2*c"4*d + (a~4*xc™2*xd"3 + 2*xa~2%c*d"4 + 4d"5)*x"6 +
c73%d72 + 3*x(a”4*c”3*d72 + 2%a"2*xcT2xd"3 + c*d"4)*x"4 + 3*x(a"4*xcT4xd + 2xa”
2%c73*%d"2 + c72*%d"3)*x"2) *sqrt (-d) *log(8*a~4*d"2%x"4 + a"4*c”2 - 6*%a”2%cxd
+ 8% (a”4*xcxd - a”2xd"2)*x72 - 4% (2%a”3*%d*x"2 + a"3xc - axd)*sqrt(-a”2*x"2 +
1)*sqrt(d*x~2 + c)*sqrt(-d) + d72) - sqrt(d*x~2 + c)*((8*%(a™4*c™2xd~3 + 2%
a"2xcxd"4 + d75)*x75 + 20%(a"4*c"3*%d”"2 + 2*a"2%c”2*d"3 + c*xd"4)*x"3 + 15%(a
T4xcT4xd + 2%a”2%c73*d72 + c”2xd"3)*x)*arccos(a*x) - (7*¥a”3xc”4*d + bxaxc”3
*d72 + 2% (3*%a”3*%cT2xd"3 + 2*xaxcxd"4)*x"4 + (13*%a”3*c"3x%d"2 + 9kaxc”2*d”3)*x
“2)xsqrt(-a”2xx"2 + 1)))/(a"4*c”8xd + 2%a”2xc”7*d"2 + c”6%d"3 + (a~4*c"5xd”
4 + 2%a”2%c"4*xd”5 + c"3*%d"6)*x"6 + 3% (a"4*xc”6*xd"3 + 2*%a~2*%c”5*xd"4 + c~4*d"5
Y*xx74 + 3x(a”4*cTT7*d72 + 2*a"2*xc"6xd"3 + ¢”5*%d"4)*x72), -1/15x(4*x(a~4*c”5 +
2%a”2*%c”4*xd + (a"4*xcT2xd"3 + 2%a"2*c*d"4 + d75)*x76 + c”3%d"2 + 3*x(a"4*c”3
*d72 + 2%a”2%c”2*d"3 + cxd"4)*x74 + 3x(a"4*xc"4*d + 2¥a”2*xc”3*%d"2 + c72*%d"3)
*xx"2)*sqrt (d) *arctan(1/2*%(2%xa~2*xd*x"2 + a”2xc - d)*sqrt(-a~2*x"2 + 1)*sqrt(
d*xx"2 + c)*sqrt(d)/(a”3+xd"2xx"4 - a*xcxd + (a”3*c*d - axd"2)*x72)) - sqrt(dx*
x"2 + c)*((8*x(a~4*c™2%d"3 + 2*%a"2*c*xd"4 + d75)*x”5 + 20*%(a"4*c"3*xd"2 + 2%a”
2%c”2%d"3 + c*d"4)*x”3 + 15x(a"4*c”4*d + 2*%a”2*%c”3*d"2 + c~2xd"3)*x)*arccos
(axx) - (7*a"3*c™4*d + bxaxc™3xd"2 + 2% (3*a”3*c™2*d"3 + 2*xaxcxd™4)*x"4 + (1
3%a”3*%c73*%d"2 + 9xaxcT2xd”3)*x"2)*sqrt(-a”2xx"2 + 1)))/(a"4*c”8xd + 2%xa”2*c
“T%d72 4+ ¢c76xd73 + (a74*cT5xd74 + 2*a”2*%c”4*d”5 + ¢"3*d"6)*x"6 + 3*x(a"4*c”6
*d"3 + 2%a"2%c”5%d"4 + cT4*%d"5)*x"4 + 3% (a"4*xc”T7*d"2 + 2%a~2*%c”6xd"3 + c~bx
d"4)*x"2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(dxx**2+c)**(7/2),x)
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[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(7/2),x, algorithm="giac")

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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100

(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

73
74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
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ExpnType := proc(expn)
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True




44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90

100
101
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

120
121
122
123
124
125

el e N D =2 %2 T N CUR ol

W W W N N N DN DN DN DN N N N = e e e e e e
N H S © 00 9 S Gk W HE O O 0NN R w N RO

L
_ W

152

leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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